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(o101 -8 NGUYEN HAM. TICH PHAN
IV

§1 NGUYEN HAM

A. KIEN THUC CAN NHO

Cho X 1a mét khoang, doan hodc nira khoang cua tap s6 thuc R.

1. Khii niém nguyén ham

e Cho ham s £ (x) xdc dinh trén K. Ham sb F(x) dwgc goi 1a nguyén ham ciia ham
s6 f(x) trén K néu F'(x) = £ (x) v6i moi x thude K.

* Gia sir ham s6 F(x) 1a mét nguyén ham cua ham s6 £ (x) trén K. Khi do:

— Véi méi hing s6 C, ham s6 G(x) = F(x) + C ciing 1a mét nguyén ham ciia ham sé
f(x)trén K.

— Nguoc lai, véi mdi nguyén ham H(x) cia ham sb £ (x) trén K thi ton tai hing s6 C
sao cho H(x) = F(x) + C voi moi x thudc K.

* Ho (hay tap hop) tit ca cac nguyén ham ciia ham s6 £ (x) trén K dugc ki higu la
| Feoax.
Nhin xét

* Néu F(x) 1a mot nguyén ham ctia ham s8 £ (x) trén K thi moi nguyén ham cua ham
s6 f(x) trén K déu co dang F(x) + C voi C 1a mot hang sb.

Vivay, [ f(x)dx =F(x) + C.

* Moi ham sb lién tuc trén K déu co nguyén ham trén K.

. _[F'(x)dx =F(x)+C.

* [0dx=C vakhi quyusc [Idv=[dv, taco [dx=x+C.

Chit y: Biéu thirc f(x)dx goi la vi phdn ctia nguyén ham F(x), ki hiéu la dF(x). Viy
dF(x) = F'(x)dx = f (x)dx.
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2. Tinh chét c@ia nguyén ham

Cho cac ham sb y = f(x), y = g(x) lién tuc trén K.
* [k (x)dx =k [ f(x)dx voi k la hing s6 khac 0.
* [Lreo+g@dr = fx)dc+ [ g(x)dx.

* [/ - g@ldr =[ f(0dx - [ g(x)dx.

B.ViDy
Vén dé 1. Kiém tra mét ham s6 Ia nguyén ham cia ham sé cho truée
Phuong phap: Sir dung khai niém nguyén ham.

Vidu 1 ]Hém s6 F(x) =x2 + x + 1 ¢6 la m6t nguyén ham ctia ham s6 £ (x) = 2x + 1
trén R hay khong? Vi sao?

Giai
Taco: F'(x) = (& +x + 1) = 2x + 1. Suy ra F'(x) = f (x) v6i moi x thudc R. Vay
F(x)=x*+x+ 1 1a mét nguyén ham ctia ham s f(x) = 2x + 1 trén R.

Vidu 2 7 Ham s6 F(x) = cos x ¢6 1a mét nguyén ham cua ham sb f/(x) = sin x trén
R hay khéng? Vi sao?
Giai
Ta co: F'(x) = (cos x)' =— sin x khac £ (x) = sin x. Vay ham s6 F(x) = cos x khéng la
mét nguyén ham cia ham s6 £'(x) = sin x trén R.
Vin dé 2. Tim nguyén ham céa mét ham s6
Phuwong phap: Sir dung céng th#cJ'F'(x)dx =F(x)+C voi F(x) la ham 56 ¢6 dao
ham lién tuc va cde tinh chdt ciia nguyén ham.

Vidu3) Icosxxix bang;
A.—cosx+C. B.—sinx +C. C.cosx+C. D.sinx +C.
Giai
Ta co: jcos xde= j(sinx)‘ dx =sinx+C. Chon D.

Vidu 4 7 Tim nguyén ham cua cac ham sé sau:
Ay b) 6x° + 5x%; ¢) cos x —sin x.
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Gidai

Ta co:

a) Ix“dx=J.%(5x4)dx=lj(x5)'dx=lx5+C.

b) I(st +5xtydx = J'6x5dx+'|'5x4dx =I(x6)‘dt+j(x5)'dx =x’+°+C.
c) I(cosx—sinx)dx: Jcosxdx—_“sinxdx = _‘.cosxdx+-[(—sinx)dx
=J'(sinx)'dxﬁ—f(cosx)'dx:sinx+cosx+C.

_Vidy 5] Tim nguyén ham F(x) ciia ham s6 £ (x) = 2x + 3x2, biét F(0) = 1.
Gidai

Ta co: I(2x+3xz)dx =J-2xdx+‘[3x2dx= j(xz)Ux+J(x3)‘dx= s +.0,
ViF(0)=1nén0>+0*+C=1suyraC=1.

Vay F(x) =x* +x° + 1.

Vin dé 3. Ung dung
Trong m6~1y a), b), ¢), d) 6 Vidu 6, 7, chon phuong dan: diing (D) hodc sai (S).

Vi du 6] Mot vuon wom ciy canh ban mot ciy sau 6 nim trong va uén tao dang.
Téc do tang trudng cua ciy do trong subt 6 nam duoc tinh xép xi boi cong thic
h'(f)= 1,5t + 5, trong d6 h(f) (cm) 1 chiéu cao ctia cay sau f (nim).

(Nguon: R. Larson and B. Edwards, Calculus 10e, Cengage 2014).

Cay con khi dugc trong cao 12 cm.

a) h(t) 1a mot nguyén ham cta ham s8 /(1) = 1,5¢ + 5. b | S
3 : 3 7

b) h(t):ztz +5t+C v6i C la mot hing s6. b | S
¢) Chiéu cao cua ciy do khong doi trong 6 nam dugc trong. b | S
d) Chiéu cao cuia cay do khi dwoc ban 1a 70 cm. P | S
Giai
Ta c6 h(f) 1a mét nguyén ham cua ham sb () =1,5t+5.

3 3 5
Do j(l,St +35)dt = jl,srdt +j5dt = ZJMH det a2 5t+C
nén h(t) = Zrz +5t+C.
Vi cdy con khi dugc trong cao 12 cm nén 4(0) = 12, suy ra C = 12.
Vay h(t) = %ﬁ +5¢t+12.
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Sau 6 nam, chiéu cao cua cay do la: h(6) = % 6% +5.6+12=69 (cm).

Péap an: a) D, b) P, ¢) S, d) S.

Vi dy 7 ) Déi voi cac du an xay dung, chi phi nhan céng lao dong dugc tinh theo
s0 ngay cong. Goi m(f) 1a s6 lwgng cong nhan duge sir dung & ngay thir 7 (ké tir khi
khéi cong dw an). Goi M(?) 1a s6 ngay cong dugc tinh dén hét ngay thir 7 (ké tir khi
khéi cong du 4n). Trong kinh té xay dung, nguoi ta da biét rang M '(f) = m(t).

Mot cong trinh xiy dung du kién hoan thanh trong 400 ngay. S5 lwong cong nhan
duoc sir dung cho boi ham sb m(f) = 800 — 21, trong do £ tinh theo ngay (0 < £ < 400),
m(f) tinh theo nguoi.

(Nguén: A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).

Don gia cho mét ngay cong lao dong 1a 400 000 dong.

a) M(t) 1a mot nguyén ham ctia ham s6 m(7) = 800 — 21.
b) M(?) = 800¢ — £+ + C v6i 0 < t < 400 va C la mot hang so.
¢) 86 ngay cong dugc tinh dén hét ngay thir 400 la 160 000.
d) Chi phi nhan cong lao Q6ng cuia ¢ong trinh do (cho dén lac hoan
thanh) la 640 000 000 dong.
Gidi
Vi M'(1) = m(f) nén ta c6 M(f) 1a mot nguyén ham ctia ham sé m(z) = 800 — 2¢.
Do _[(800 —2r)di = sooj’dz = J’ 21dt = 800t — 1> +C
nén M(r) = 800 — # + C v6i 0 < 1 < 400. Vi M(0) =0 nén C = 0.
Vay M(r) = 800t — 1.
S6 ngay cong dugc tinh dén hét ngay thi 400 la:
M{(400) = 800 . 400 — 400> = 160 000.
Chi phi nhan céng lao dong ctia cong trinh d6 (cho dén lac hoan thanh) la:
400 000 . 160 000 = 64 000 000 000 (déng).
Dap an: a) D, b) D, c) D, d) S.

- - )
®w | »n| »w|»

Vi dy 8 ) Tai mot 18 hoi dan gian, tc do thay dbi lwong khach tham du dugc biéu
dién bang ham s6 B '(£) = 20> —300£> + 1 000¢, trong do ¢ tinh bing gio (0 <t < 15),
B '(f) tinh bing khach/gio.

(Nguén: A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).
Sau mét gio, 500 nguoi di c6 mit tai 1& hoi.
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a) Viét cong thirc ctia ham sb B(f) biéu din s luong khach tham du 18 héi voi
0<r<I1s.

b) Sau 3 gio s& co bao nhiéu khach tham du 13 hoi?
¢) S6 lwgng khach tham du 1 hoi 16n nhét 1a bao nhiéu?
d) Tai thoi diém nao thi toc do thay doi lvong khach tham dw 18 héi la 16n nhat?
Giai
a) Ta c6 B(f) la mot nguyén ham ctia ham s6 B '(f) = 20> — 300 + 1 000t.

Do [(20r —3001% +1000)dr = 5[ 4°dt —100{ 3¢*dt + 500 [ 2dt

=51 —100 + 5004 + C

nén B(f) = 5¢' — 100> + 5007 + C.

Vi sau mot gio, 500 nguoi da co mit tai 18 hoi nén B(1) = 405 + C = 500.

Suy ra C = 95. Vay B(t) = 5 — 1002 + 500> + 95 v6i 0 < 1 < 15.
b) S6 khach tham du 13 hoi sau 3 gio la:

B(3)=5.3"-100.3%+500.3%+95 =2 300 (khach).
¢) Ta tim gia tri 16n nhit cia ham sb B(7) trén doan [0 ; 15]. Ta cé:
B () = 20£ —300£* + 1 000t = 201(*> — 15¢ + 50) = 20£(t — 5)(¢ — 10).

Suy ra B '(#) = 0 khi ¢ bing 0, 5 hoic 10.

Ta co: B(0) =95, B(5) = 3 220, B(10) = 95, B(15) = 28 220.

Khi do, gia tri 16n nhat ctia ham s6 B(?) trén doan [0 ; 15] bang 28 220 tai ¢ = 15.

Viy s6 lwong khach tham du 12 hoi 16n nhat 1a 28 220 khéch sau 15 gio.
d) Ta tim ¢ dé ham s6 B '(¢) dat gid tri I6n nht trén doan [0 ; 15]. Ta c6:
15-5y3 . . 15+53

3 hoac 3 .

B(f)= 60 — 600t + 1 000. Suy ra B "(f) = 0 khi ¢ bing

5100 5{ 555 ) oazs: 5 253 ) s

B'(15) = 15 000.

Khi do, gia tri I6n nhat cua ham s6 B '(f) trén doan [0 ; 15] bang 15 000 tai = 15.

Vay téc do thay doi lugng khach tham dur 18 hoi 1a 16n nhat tai thoi diém 15 gio.
7
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.BAITAP

. Ham 6 y = x* 1a nguyén ham cua ham sb:

A= B.y=20x"". C.y=20x".

. Ham 6 y = sin 2x 1a nguyén ham cua ham sb:

A.y=cos2x. B.y=2cos2x. C.y=—cos 2x.

. Ham s6 y = In(x + 1) 12 nguyén ham ctia ham sé:

1 1 2
A.y:x2+1. B.y:m. C.y:x:j_l.
. Ham s6 y = e >*** 1a nguyén ham cua ham sb:
A.y:ﬁﬁ. B.y=e’5'+4A C.y= E*—Sx;“
. Ham s6 y = log x 12 nguyén ham ciia ham s6:
1 1 Inl
A.y=;. B.y:m. C.y:nT.

x
D.y= 3
4 21
D. _—cos2x
2
2
D.y=—
+1
D.y=—5¢e %%
_ 1
xlogl0

Trong méi y a), b), ¢), d) & cau 6, 7, 8, chon phwong an: ding (P) hodc sai (S).

6.

Cho ham s f(x) = 4x> — 3x°.

a) [ f(odx = [4xdx - [3x7dx.
b)f'(x) = 12x* — 6x.

o) f'@)=x'-x.

d) [fee=x*+5*+C.

. Cho ham s6 f(x) = sin x + cos x.

a) [ /(xpdx = [ sinxdx + [ cos xdv.
b) f'(x) = cos x —sin x.
) f'(x) +f(x) = cos x.
d) [ f(x)dx == cosx+sinx +C.

b | S
b | S
b | S
b | S
b | S
b | S
b | S
b | S
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8. Cho ham s6 £'(x) = (x + 2)(x + 1).

a) f(x) =x*+3x+2. P | S
b)F'@) = 2x+ 3. p|s
©) [ fexe = e+ 2pdx . [ (et e bs
d) J-f(x)dx=§x3+%x2+2x+(f. b8

9. Tim nguyén ham cua cc ham s sau:
a)f(x)=2x* -4 + 6;
b) /() =(x+3)(-2-x);
c) f(x)=g(x>0)»

10. Tim nguyén ham ciia cac ham s6 sau:

4

D@ =2sinx  b)f@)=cosx s ©)f ()= —=3cosx.
11*. Tim:

2%In 2dx; b) [2 2ydx z(f}b\:

) J. n ) I xcos(x”)dx ) Icos 5

Goi y:

a) (29 =2"In2; b) [sin(x?)] ' = 2xcos(x?); ¢) cos? (g) k08X (;osx
12. Tim dex trén (0 ; + o).

x+3

13. Tim nguyén ham F(x) cua ham s6 £ (x) = 3x — 2x, biét F(1) = 5.
14. Tim nguyén ham F(x) caa ham s6 £ (x) = 4x> + 3x%, biét F(1) —f'(1) = — 16.

15. Xét dao dong diéu hoa ctia mét chat diém c6 van toc tirc thoi tai thoi diém 7 1a:
W) = — 0,2msin(nr), trong do, 7 tinh bang gidy, v(7) tinh bang m/s. Tim phuong
trinh 1i do x(t), biét v(r) 1a dao ham ctia x(£) va x(0) = 0,2 (m).
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§2 NGUYEN HAM CUA MOT SO HAM SO SO CAP

A. KIEN THUC CAN NHG

Bdng nguyén ham ciia mot s6 ham sé so cp:

xa+l

a+1

[xde= +C (a#-1).

jldx= Infx|+C.
X

Isinxdx:— cosx+C.

jcosxdx:sinx+C.

J._lq dx=—cotx+C. j 1, dr=tanx+C.
sin” x cos”x
J'a-‘dx=i+0(a>o,a¢1). ferdv=e"+C.
Ina
B.ViDU
Vin dé 1. Tim nguyén ham cta ham sé
Vi du 1) Tim:
3 1
24, d o W2, 3 W
a) jx dx; b) J.Fdx c) IT x4dx; d)J. x4+5x dx.
Giai
\/5+l
a) Ixﬁdx= ol +C.
V2+1 B
b)j%¢x=4j‘x*3dx=4.x—+c=—2x*2+c_
x , -2 1 11
5 n bt
-2 -2 = -2 x8 —16x8
—Vxtdx=—"|x8dx=—"."+ = c.
o [5Vx Ak 3010 33
8
1 1 i 5
=, 2 4 ~1 =4
d)j[x“+lx’2)dx='[x4(bc+ljx’zcbc=L+l.x—+C=£x4—L+C.
2 2 5 27 -1 57 2
4
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Vidu 2/ Tim:

1 4 3.1
[ b [0 o [
Giai

a) J-_Lxdx e —Iédx= —In|x|+C.

b)J’idx=i Lix:iln|x|+C.
e 1%

c)j“ i 7 j[v - )dx [xtax - J‘%i.x*— Inlx]+C.

Vidu 3 [ Tim:
a) J'(— cos x)dx; b) j COS x

cos® x
c) I(3sinx —4cos x)dx; d) I(7 +5cot? x)dx.
Gidai
a) I(— cos x)dx = —jcos xdx =—sinx+C.

1—cos®x _
b) | dx = j(cos x—l)dx jcosx — [1dx = tan x — x+C.

COS X

c) I(3sinx—4cosx)dx =j3smxdx—f4cosxdx = 3Ismxdx—4j.cosyadx

=3(—cosx)—4sinx+C =—3cosx—4sinx+C.

d) [(7+5cot? x)dx = [ 2+501+ cot? x) Jdx =j[2+5 > 4 ]dx

sm- x

= 2jdx+5j%dx= 2x —5cotx+C.
sin” x

Vidu 4 [ Tim:

Ax+1q_ . 4x+3 4. x e
a) [¢***ldx; b) [2**3dx; ¢) '[Fdx d) [ +x")dx.
Giai

4x+l

a) Ie4x+ldx = eJ.(e“)"dx =e, (ln i +C = 1 —+C.

- . 16* 24r+l
b) [2*3dy = 8[ 2" dv = 8[ (2')*dr = 8[16"dx = 8. T

1
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1)‘
o [t te= L] a1 A sc-Slie
7r+1 7¥ 7 l 7r+1 In7
7
d) [(e" +x")dx = [edv+ [x'dx=e" + iC
Vién dé 2. Ung dung
Vi du 5 ] Ciy ca chua khi trong c6 chidu cao 5 cm. Téc d6 ting chidu cao cua cay
ca chua sau khi tréng dugc cho boi ham s6 w(f) = — 0.1 + £, trong do ¢ tinh theo
tuan, v(7) tinh bing centimét/tuan. Goi /(r) (tinh bang centimét) la do cao cua cay
ca chua & tuan thir t (Nguon: A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).
a) Viét cong thire xac dinh ham sé a(r) (> 0).
b) Giai doan ting trudng cua cay ca chua do kéo dai bao lau?
¢) Chiéu cao téi da cua cay ca chua dé la bao nhiéu centimét? (Lam tron két qua
dén hang phan muoi).
d) Vao thoi diém cay ca chua do phat trién nhanh nhat thi cay ca chua cao bao nhiéu
centimét? (Lam tron két qua dén hang phan muoi).

Giai
3 2 3d 7d = [4 [3 c
a)Taco: | (= 0,17 +¢t7)dr=|—-0,17dt + | t°dt =——+—+C.
) Jc i = | e b
-t* 72
Do h(f) 1a mét nguyén ham cia v(f) nén h(t) = T, + 3 +C
Cay ca chua khi trong c6 chiéu cao 5 cm nén #(0) = 5, suy ra C = 5.

- P
Vay h(t)=——+—+5,120.
By W= g
b) Cay tang trudng khi v(f) > 0. Xét bit phuong trinh — 0,17 + 2> 0.
Ta co: 3(— 0,1t + 1) >0, suyra—0,1¢+ 1 >0nén ¢ < 10.
Vay giai doan ting truéng cua ciy kéo dai 10 tuan.
4 3
¢) Ta chi can tim gia tri 16n nhat cua A(r) = ﬁ +%+ S véite[0:;10].

Tacé: h'(t)=i+t2 =£(— 1+10), suy ra /'(r) = Okhi 7 bing 0 hodc 10.

Ta thay h(0) = 5, h(10) ==, Khi do, h(f) dat gia tri 1on nhit bang %5 trén
doan [0 ; 10].
Vay chiéu cao t6i da cuia cay ca chua do la % ~ 88.3 (cm).
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d) Ta chi cn tim gia tri 16n nhét cua ham s6 v(f) = — 0,12 + 2 véi t € [0 ; 10].

Taco: v'(t)=—037+2= —0,3[([—?j,suyra v'(r) = 0 khi 7 bing 0 hoic ?

Ta thiy 0) =0, v(zfj - %, W(10)=0. Khi 88, W) dat gié tri 16n nht bing
ﬂ trén doan [0 ; 10] tai t = @ Ta co: h(ﬂ) = m ~ 54.4.
27 3 3) 81

Vay vao thoi diém cdy ca chua do phat trién nhanh nhit thi cay ca chua cao 54,4 cm.

Vi du 6] Trong méi y a), b), ¢), d), chon phwong dn: ding (B) hodc sai (S).
M6t quan thé vi khuan ban dau gbm 500 vi khuan, sau d6 bit dau tang truong. Goi
P(f) 1a 86 lwgng vi khudn cua quan thé do tai thoi diém ¢, trong do 7 tinh theo ngay
(0 <1< 10). Téc d6 ting trudng clia quan thé vi khuan d6 cho béi ham sé P'(r) = k+/r,
trong do k 1a hing s4. Sau 1 ngay, s6 lugng vi khudn ciia quan thé do da ting lén
thanh 600 vi khuan.
(Nguon: R. Larson and B. Edwards, Calculus 10e, Cengage 2014).

a) P(#) 1a mot nguyén ham cta ham s6 £(£) = k7. b|s
b)P(:):%«/F+C v6i 0 <t <10 vak, C 1a hing sé. b |s
o) P(t) = 100y 4500 v6i0 <1< 10. b | s
d) S6 lugng vi khuan cta quan thé do sau 7 ngay 1a 3 352 con. b | S

Giai . s
Taco: [kvrdt = k[ede = k[ r2dr = Zp,c,
3

Vi P'(1) = k«/f nén P(r) 1a mét nguyén ham ctia ham sé /(1) = k+/f, suy ra

3

P(r)=%tl +C =%\/z—3 +C(0<t<10).

Do quén thé vi khuan ban dau gom 500 vi khuan nén P(0) = 500, suy ra

P()= %\/F +500.
Sau 1 ngay, s6 lwong vi khuan cua quan thé do da ting Ién thanh 600 vi khuan, suy ra

~23—k.\/1—3+500=600©k=150.
13
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Tir do, ta c6: P(r) = 10057 +500 (0 << 10). Vay 6 luong vi khuén ca quin thé

46 sau 7 ngay 13 P(7) =100 . \[7% +500 ~ 2 352 (vi khuén).

Dép 4n: a) D, b) P, ¢) D, d) S.

C.BAITAP

16. Isin(—x)dx bing:

17. Jcos(—x)dx bang:

18.

19.

20

A.sinx +C.

B.cosx+C.

A.sinx +C. B.cosx+C.
j dx bing:
sin”~ ( x)
A.tanx +C. B, cotic i€l
J' dx bang;
cos™ ( X)
A.tanx +C. B.cotx+C.
;s jl7“dx bang;
A 17 Inl7. B 7
In17

C.—sinx+C.

C.—sinx+C.

C.—tanx +C.

C.—tanx+C.

C.1FInlg~ C.

D.—cosx+C.

D.—cosx+C.

D.—cotx+C.

D.—cotx +C.

Trong moi ya), b), c), d) 6cdu2l, 22, chon phuwong an: diing (D) hodc sai (S).

21. Cho ham s6 f(x) =

22. Cho ham s6 f/(x) =

14

a)f(x) =x° +§.
X

x’ +8

b) J’f(x)dx=jx6dx—j§dx.

c) If(x)d.x J.de.x+J‘Abc
d f(xm~—+8m|xl

sin3x + sin x

sin 2x

b | S
b | S
b | S
b | S
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3x+x 3x—%
cos

2sin

afe=—72=2—2. DS
sin 2x
b) f(x) = 2cos x. all
) If(x)dx = 2Icos xdx. b | s
d)jf(x)dx:—2sinx+c. b| S
23. Tim:
1
3 1 1
a) j x3dx; b) | \/x;dx; ) J‘Fcu;
5
d) I(x s l)_dx; e) jwdx, g) I(3xl —_ i)(2x+ 5)dx.
x b x
24. Tim:
a) J.es'“dx; b) Iﬁdx, c) j(2" +x%)dx;
d) _[(2* 3 0dx ) j%
25. Tim:
a) I(Ssinx—6cosx)dx; b) Isinz 2xdx+jcosZ 2xdx;
o X . 4 x\ }
c) jsm de, d) I(SIHE+COSE) dx;
P » X 2
e*) Icos4 de—jsm4 de; g%) Itan xdx.

§3 | TiCH PHAN

A. KIEN THUC CAN NHG
1. Dinh nghia tich phian

Cho £ (x) 1a ham s6 lién tuc trén doan [a ; b]. Gia st F(x) la mot nguyén ham cia
f(x) trén doan [a ; b].

15
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Hiéu s6 F(b) — F(a) dugc goi la tich phan tir @ dén b cua ham s £ (x), ki hidu la
b
|7y,

Chi y
* Ki hiéu F(x)|i= F(b) - F(a) va doc 1a F(x) thé can tir a dén b.
b

b = F(b)-F(a)

a b a
* Ta quy udce: J'f(x)dx =0 If(x)dx = —I f(x)dx.
a a b

2. Tinh chit cia tich phan
Cho céc ham sb y [ (x), ¥y = g(x) lién tuc trén doan [a : b]. Ta co:

J’kf(x)dx k j F(x)dx (k 1a hng s6).

. j [0+ g(oldx = jf(x)dx + jg(x)dx.
b b b

* [Ir () - goldx = [£(x)dx — [g(x)dx.

b c b
* Véi o 1a 6 thyc tuy ¥ thude doan [a; b, ta co: [f(x)dx = [£(x)dx + [/ (x)dx.
a a c

3. Tich phin ciia mét s6 ham s6 so cip

b a1 P bafl _aa+l

e Véi a#— 1, taco: J.x“dx=

05+10= a+l

* V6i ham sé f(x)= l lién tuc trén doan [a ; b], ta co:
X

b

jldx=1n|x||i = In|pl ~ Inlal.
b ) a*
b Jsinxdx:— cosx|n =cosa—cosbh.

a
b

. J.cos xdx = sin x‘i =sinb —sina.
g 1
* Véi ham s f(x) = —
sin” x
16

lién tuc trén [a ; b], ta co:
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1
I = dx=—c0tx|b=cota—c0tb4
e a

* Vi hamsd f(x) = L tuc trén [a ; b], ta co:
3

t
j — dx:ta.nx‘i:tanb—tana.

s cos”x
B PR
e Véia>0,a#1,taco: Ja dx = =
lna Ina
b

Dic biét Iexdx=e"‘ Z:eb—e‘ﬂ
B.ViDU
Vin dé 1. Tinh tich phin

Vidu 1/ Tinh:

J %
a) | x"dx; b) | —=dx.

: 1V
Giai
1 J 1
a)Ixﬁdx— ==
0 4

} 2 om0 | - 256 G254

1 i A 7 7 7

Vi du 2 / Tinh

T ks
45 3 q -1
a) J—dx; b) I(sinx + cosx)dx; c) j- dx.
2% ™ cos” x
6 i

Gidl
a)j Zdv= 2J’-dx_21n|x\ —In2)=2In2.

i 7[

3

1 \/—) ( 3 )

b sinx 4+ cosx)dx =(—cosx+sinx —+— —+—|=+3-1
>j( ) = ( i ( 5+ S ty)=V

6

ala
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i i x
1 PR T
c) I dx=—j —dx=—tanx| =-1-1=-2.
' cos® x ' COS™ X on
2 = .
Vi du 3] Tinh
0 1 1 2x+l
a) je 2y b) j —dx ) j(z 3% Dydx d)j
0 -1 0
Gidi
1 1 ¥ 1
a) Ie 2X®=I(e‘ 3" (e 7) —-15_2" =,Lq+l_
° ® In(e” %) 2 5 2e° 2
b)} N N e S I 7
52 23|, 32| 32 "3m2 3mz
1 . 1
o) j(2”.3‘*‘)dx=1]'12‘dx=l. L O
. 3 3 Ini2[, 12 312 312
xl
2 4
rgerl f2Y &) 3 2 2
d) J.—tdx=2'[[—) dx=2 22 =3 _ % %
o3 oN3 o m2 w2 Fr2D
3 33

1 5 5
Vidu4]Cho [ f(x)dx=—4, [f(x)dr=6.Tinh [ f(x)d.
Gidi N I p

Tacé: jf(x)dx jf(x)dx+jf<x>dx_-4+6 2.

=9

Vién dé 2. Ung dung

@ Mot vét chuyén dong véi véin toe w(f) = 5 — 2cos ¢ (m/s). Tinh quing
duong vt chuyén dong trong khoang thoi gian tir lac £ = 0 (s) dén ¢ = g (s).

Giai

Ta c6 cong thire tinh quang duong vat di duoc la s = | v(¢)dt.

o'—.ul:l

18
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Vay quing duong vét chuyén dong duoc la:
s

S

s=|(5—2cost)dt = (5t — 2sint)

0

o t—u]

ﬁduj} Mat vat chuyén dong vo1 van toe (1)
dugc cho bai db thi nhu Hinh 1.
a) Tinh quang duong vat di dugce tir luc r = 1 (s)
dén luc £ =3 (s).

5n

b) Tinh quing duong vét di duoc trong 4 gidy dau
tién.

Giai. (Hinh 2)

a) Dua vao db thi, ham 6 bidu dién van téc cua vat
tirlac #= 1 dén luc £ =3 law(r) = 1. Suy ra quang
duong vat di dugc trong khoang thoi gian do la:

3 3
s = [wde = [1dr = 1 =2 (m).
1 1

b) Quing dwong vit di duoc trong 4 gidy dau tién la:

4 1 3 4
5= jv(r)dt = j' v(O)dt + _[v(t)dt + Iv(t)dt
0 0 1 3
3 4

:-l[tdt+-[ldt+‘[(— t+4)dr
0 1 3

1 4
P
3 —F
+[|1+( +4f)
0 2

3

2
2

C. BAITAP

——2 (m).
P (m)
v (m/s)
ol 1 34 (s
Hinh 1
v (m/s)
_______ A4 B
M N N\C
1 3 4 (s
Hinh 2

1 1
=—+2+— =3 (m).
m 2 50

26. Cho f(x) la ham s6 lién tuc trén doan [a ; b]. Gia st F(x), G(x) 1a cac nguyén
ham cua f(x) trén doan [a ; b]. Trong cac phat biéu sau, phat biéu nao sai?

A. F(a) - F(b) = G(a) - G(b).

b
C. [f(x)dx = f(b) - [(a).

b
B. [/(x)dx = F(b)~ F(a).

b
D. [/(x)dx = G(b) - G(a).

19

Ban in thor



27. Phat biéu nao sau day la ding?
b
A Ix"dx — patl _ gl

28. Phat biéu nao sau day la ding?
b

A. jsinxdx =sina —sinb.
a
b

CG: jsin xdx = cosa —cosb.

a

29. Phat biéu nao sau day la ding? Biét f(x) =

b

A.j 1,, dx = cota —cotbh.
s sin”x
2

C.I ——dx =tana —tanb.
- sin”x

30. Phat biéu nao sau day la diang?
b
A, Ie'dx — eb+l —E.’{Hl.

b
., je“dx =eb—en.
b1
31. Tich phan [—dx bing:
X

A. Inb-Ina. B. |ln3|-|lndl.

55, Hetphin [ dx ¢b sideibios:
. Tich phan 7 ¢0 gia tr1 bang:
% i

8 64

—t— 12

33. Tich phan J.de 6 gia tri bang:
EaVEY

A 2-42.

20

B. 2+42.

b

B. Ix"dx =a(®* ! -a%").
b ba+l a+l

D. [x"dv= (o # 0).

a

b

B. J.sinxdx =sinb —sina.
a
b

D. jsin xdx = cosb —cosa.

a

lién tuc trén [a ; b].

sin? x
t

B.I dx =coth—cota.
s sin” x
gl

D.I ——dx =tanb —tana.
2 sin”

B. j.e“dx = bl
a
b

D. je“dx N

a

C. Inlp|-Inlal.  D. Inla—1nlp|.
el D. -2,
8 8
c. o248 p, = Y2-8
20 20
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1 1
34.Néu [ f(x)dx =4 thi [2f(x)dx bing:
0 0

A. 16. B. 4. C.2. D. 8.

2 3 3
35. Néu J' f(x)dx=—2va J' f(x)dx =1 thi J’ £ (x)dx bing:
1 2 1

A —3, B.- 1. C. 1. D. 3.

3 3 3
36.Cho [ f(x)dx=3 va [g(x)dv=1. Khido [[/(x)+g(x)kx bing:
A4 B.2. c o2 D.3.

37. Trong m6~1y a), b), ¢), d), chon phwong an: diing (D) hodc sai (S).
Cho f'(x) 1a ham s6 ¢6 dao ham cap hai lién tuc trén doan [a ; b).

b
a) [ "()dx = 1)~ [ (). p|s
»
b) [/ ()dx = £(b) = f(a). b|s
b
o) [£6odx = f(a)— 1®). b s
b
d) [/ (x)dx = f (@)= [ (b). b s
b
5 [ F@ode
38. Néu mot vi du chi ra rang I@dx #4——— V01 f(x) va g(x) lién tuc trén
2 8(x) A
[ g

doan [a; b], g(x)# 0 Vx € [a; b].

39. Cho I g(x)dx =6, G(x) la mot nguyén ham cia ham sé g(x) trén doan
1
[-1:2] va G(- 1) = 8. Tinh G(2).
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40.

4

-

42.

43.

4.

22

Cho If(x)dx 5va _‘-g(’c)d.x——4 Tinh:

— -9

a) Jf(x)dx; b) j—4f(x)dx;
1 -2

1 1
3 [F@+e@ide o [F@-g@lde

Mot 6 t6 dang chay v6i van tée 18 m/s thi nguoi lai
6 t6 dap phanh, tir thoi diém do, 6 t6 chuyén dong
cham dan déu véi van te W) = — 61 + 18 (m/s),
trong d6 ¢ 1a thoi gian tinh bing gidy. Hoi tir luc
dap phanh dén khi ding hén, 6 t6 di chuyén duoc
quing duong biang bao nhiéu mét?

Mot vat chuyén dong vaéi van téc duoc cho bsi dd
thi 6 Hinh 3.

a) Tinh quang duong ma vét di chuyén dugc trong
5 giay dau tién.

b) Tinh quing duwong ma vét di chuyén duogc tir
thoi diém 1 gidy dén 5 gidy.

Mat con lic 16 xo dao dong diéu hoa theo phuong
ngang trén mit phing khong ma sat nhw Hinh 4,
¢6 van toc tire thoi cho bai w(£) = 2cos 1, trong do
¢ tinh bing gidy va () tinh bing cm/s. Tai thoi
diém 7 =0, con ldc do & vi tri can béng.

Tinh quing duong ma con lic 10 xo di chuyén
duogc sau 1 gidy k& tir vi tri can béng theo don vi
centimét (1am tron két qua dén hang phan triam).

2 J‘ g(x)
) I[Bf(x)—ig(x)]dx-

. Cho j F(x)dx =2, j f(x)dx =— 5. Tinh tich phan j f(x)dx.

-1

v (m/s)
11 SRR
518
0 5 t(s)
Hinh 3
Vi tri
can béng
AN
0 Xt *
Hinh 4

Ban in thor



§4 ' UNG DUNG HINH HOC CUA TICH PHAN

A. KIEN THUC CAN NHG
1. Tinh dién tich hinh phiing
e Cho ham s6 y = f(x) lién tuc trén doan [a ; b]. Khi do, dién tich hinh phing gi6i
han béi do thi ham s6 y = £ (x), truc hoanh va hai duong thing x = a, x = b la:
b
S = j | (o) .

* Cho cac ham sb y = f(x), y = g(x) hen tuc trén doan [a ; b]. Khi do, dién tich hinh
phiing gioi han boi db thi ciia cac ham s6 y = £ (x), y = g(x) va hai duong thing
x=a,x=bla:

b
§=[lr-g@|dx

2. Tinh thé tich hinh khéi

* Cit mot vat thé béi hai mit phing vudng goc véi truc Ox tai x = avax = b (a < b).
Mot mit phing tuy y vudng goc voi Ox tai x (a < x < b) cit vét thé do theo hinh
phing c6 dién tich la S(x). Gia sir ham s6 S(x) lién tuc trén [ : b]. Khi do, thé tich I/
ctia phan vat thé gioi han boi hai mit phang trén duoc tinh boi cong thuc:

V= -bI.S(x)dx.

Chit y: Néu S(x) = S khong doi voi mdi x € [a; b] thi V= (b — a)S.

* Cho ham sé y =£(x) lién tuc, khéng dm trén doan [a ; b]. Hinh phing (H) gioi han
boi db thi ham s6 y = £ (x), truc hoanh va hai duong thing x = a, x = b quay quanh
truc Ox tao thanh mdt khéi tron xoay c6 thé tich bang:

b
V=[] .

B.ViDU
Vin dé 1. Xac dinh cic duwong giéi han ciia hinh phiing

Vidu 1) Cho db thi ham sé y =2 2 va hinh phing duoc t6 mau nhw Hinh 5.
Hinh phing do dwoc gidi han béi cac duong nao?
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Giai

Hinh phing di cho dugc giéi han boi db thi ham sé

y= 2 2, tryc hoanh va hai duong thing x=—2,x=0.
Vi dy 2] Cho do thi ham s6 y = x> va hinh phing

dwoc t6 mau nhw Hinh 6. Hinh phing do dugc gisi

han béi cac duong nao?

Giai

Duong thang di qua cac diém co toa do (0 ; — 2) va

(2, 0) c6 phuong trinh y =x — 2.

Hinh phéng da cho dugc gioi han bai cac db thi ham
s6 y =x% y=x—2 va hai duong thing x = 0, x = 2.
Vén dé 2. Tinh dién tich hinh phing
Vi dy 3) Cho db thi ham sé y =e 2 v hinh phing
duge t6 mau nhu Hinh 7.
a) Hinh phing dé dugc gioi han boi cac duong nao?
b) Viét cong thic tinh dién tich hinh phang do.
¢) Tinh dién tich hinh phing do.
Giai
a) Hinh phing da cho dwoc giéi han boi db thi ham
sby= e 2, truc hoanh va hai duong thang x =— 1,
x=0.
b) Dién tich hinh phing do dugc tinh theo cong thirc S

¢) Dién tich hinh phing d6 la:

0o x 0 ,i)’“ (’%)v
S=[e 1dx=j(e B
-4 = Ine 2

24

x

J
7

Hinh 6

y
24
1
E\
—
= | o

Hinh 7

0

=J'l

X 0

de=[e 2dx.

-1

e 2
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m?chocacdéthihéxnséyZBX,y:xvahinh ¥
phing dugc t6 mau nhu Hink 8. 3
a) Hinh phing d6 duoc gidi han boi cac duong nao?
b) Viét cong thurc tinh dién tich hinh phing do. 2
¢) Tinh dién tich hinh phing do. 1
Gidi /0
a) Hinh phing da cho dugc gioi han béi cdc db thi ham  ~ IS
s0 y = 3%, y =x va hai duong thang x =0, x = 1. -,

b) Dién tich hinh phing d6 dugc tinh theo cong thirc
1 |
S = [l - ddv = [3* - x)dx (vi 3>, Ve [0; 1]).

0 0
1
2

_1
In3 2

1 x 2
¢) Dién tich hinh phing do 1a: § = [ (3* —x)dx = [ " ’LJ
d In3 2

Vin dé 3. Xac dinh hinh phz:mg quay quanh truc Ox aé tao thanh Khéi tron xoay
Vi du 57 Cho khéi tron xoay nhw Hinh 9. Hai duong
cong cit truc Oy biéu dién bé mit cua khdi 1a mot ph?m
ctia duong tron tam O ban kinh 60 cm. Hinh phéng duoc
gi6i han béi cac duong nao dé khi quay quanh truc Ox ta
dugc khéi tron xoay nhu Hinh 9?
Giai
Vi hai duong cong cit truc Oy biéu dién bé mit cua khdi
la mét phan cta duong tron tim O ban kinh 60 cm va
hai mit phang cit khéi vuéng goc voi truc Ox di qua hai
diém c6 toa d6 (— 40 ; 0), (40 ; 0) nén hinh phing dwgc
gi¢i han boi d thi ham s6 y = 4/3 600 — x>, truc hoanh
va hai duong thing x = — 40, x = 40.

Vién dé 4. Tinh thé tich khéi tron xoay

@ Cho db thi ham s6 y = (1,5)* va khdi tron xoay
nhu Hinh 10.

a) Hinh phang dugc giéi han boi cac dudong nao dé khi
quay quanh truc Ox ta duge khoi tron xoay nhw Hinh 10?

b) Tinh thé tich khéi tron xoay do. Hinh 10
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Giai

a) Hinh phing dugc gioi han bai db thi ham s6 y = (1,5), truc hoanh va cac duong
thingx=1,x=2.

b) Thé tich khéi tron xoay do la:

L5*n [ 45n

2In(L,5) |,  32In(L5)

V= nj[a, 5 Pdx = nj[(l, 5% de =
1 1

C.BAITAP
45. Dién tich hinh phang gioi han bai d thi cac ham s6 y = x°, y = x* va hai duong
thing x =1, x =3 la:
3 3
A. I(x3 —x)dx. B. I(xz — x> )dx.
1

1
3 3 3 3
C. szdx - J‘xzdx. D. Ixzdx + Ix3dx.
1 1 & 1
46. Cho cac ham s6 y = f(x), y = g(x) ¢6 do thi lan Iuot 1a (P), (C) va hinh phing
duoc t6 mau nhw Hinh 11. Cong thire tinh dién tich hinh phz:mg duoc t6 mau la:

t 2
A S = [[g@)- F)ldx+ [[g() — f()]dx » -

-1 1

1 2
B. S = [ [2(x)— f(x)ldx ~ [[g(x) - f(x)ldx.
-1 1

C. S= j.[g(x)—f(x)]dv
-1

D. 5= [ [F(x)-gldx e &
=4 Hinh 11

47. Cho hinh phing gi¢i han boi db thi ham s6 y = x, truc hoanh va hai dwong
thing x = 0, x = 2 quay quanh truc Ox dugc khéi tron xoay co thé tich tinh theo
cong thire la:

A. fxdx. B. nf x2dx. C. Jz’xzdx. D. ni xdx.
0 0 0 0
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48. Trong méiya), b), ¢), d), chon phwong dén: ding (D)
hodc sai (S).
Cho hinh phéng duoc t6 mau nhu Hinh 12. Dién
tich hinh phéng duogc ki hiéula S.

Hinh 12
a) Hinh phing d6 dwoc gioi han béi do thi y =1 (x),
truc hoanh va hai duong thing x =— 1, x = 5. b s
5
b)S= [ |/ (ofx. p|s
],
1 5
5= [ floxet [ £y T | 8
=1 1
1 5 pls
d)S= [ fepx [ fxdx.
ml 1
49. Cho hinh phing dwgc t6 mau nhu Hinh 13. 718
a) Hinh phing do duoc giéi han béi cac
dudng nao? 2T
b) Tinh dién tich hinh phang do. ) 1Y
<t
50. Cho hinh phing duoc t6 mau nhu Hinh 14. - 5 \ 1 >
= 25611

a) Hinh phing do dwogc giéi han boi cac
duong nao?

b) Tinh dién tich hinh phang do.

)

=y

. Cho hinh phing gi6i han bai d6 thi ham s6
y= cosg, truc hoanh va hai duong thing

x=0, x= g Tinh thé tich khéi tron xoay

tao thanh khi cho hinh phing d6 quay quanh

truc Ox.
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BAI TAP CUOI CHUONG IV
52. Biét F(x) = ¢' la mét nguyén ham cua ham sé fx) trén R. Gia tri cua
1

[13+ 7(x))dx bing:
0
AvQ+ie B.3+e. C. 3. D. 3x +e".

53. Phat biéu nao sau day la ding?
b b
A. jcosxdx=sina-sinb. B. jcosxdx=sinb—sina.
C.

cos xdx = cosa — cos b. D. |cosxdx =cosbh—cosa.

8 —
8 —

54. Phat biéu nao sau day la ding? Biét f(x) = 1 lién tuc trén [a : b].
cos™x

b b
A. j dx—cota cotbh. J dx—cotb—cota
> cos
b b
1
C.I s—dx =tana —tanb. D. J. =tanb —tana.
i cos™ x b COS x
55. Cho m thoa mén m > 0, m # 1. Phat biéu nao sau day la dung?
b b
A. J-m“dx =mb —m". B. J-m“d.x =m"—mb.
mt m° m® mb
C. jm = D. Im dx=———.
Inm Inm Inm Inm

Trong méi y a), b), ¢), d) & cau 56, 57, 58, chon phuong an: ding (P) hodc sai (S).

56. Cho cac ham s6 y = f(x), y = g(x) lién tuc trén K.

@) [[F(). gk = [ f)r . [g(dx s
b) 1) + g0k = [ /(e + [ (). il
o) [IF () - g0k = [ F(o)dv — [ g(x)d. p|s
d J‘f(x)] _Jf(‘C)dA P S

g [a(odr
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57. Cho dé thi ham s6 y = f(x) va goi S la dién tich hinh
phing dwoc t6 mau nhu Hink 15.
2

a) S = Jl'f(x)dX- P s 3.
15
b) S = [ |l p|S
0 1 2
15 Hinh 15
¢) S = j f()dx. D| S
0
d) S = [|1eo)dx b | s
1

58. Cho d6 thi cac ham s6 y = ' (x), y = g(x) va goi S la
dién tich hinh phzlmg duoc t6 mau nhu Hinh 16.

w <
<
|
Lol
&

2) S = [re) - g B|s| V >-10
1 |
b) 8 = [Ir() - g(x)ld b|s
0
0 § = [lg() - /(x)ldx. b s
1
& 8 = [lg(0)~ F@dx. D' | 1S
1
59. Tim:
a) [Ge+ D —x+Ddx; b) Ix(Z—%)dx; o) [ ¥dx
N 1 3'.lv+l
d) [@-3tan x)dx: 0 [t 9

1

1
60. Cho J'[zf(x) —1Jdx =3. Tinh J'f(x)dx.
0

0

61. Néu mét vi du chi ra ring j-[f(x) . g(x)]dx # If(x)dx . J.g(x)dx voi f(x) va
g(x) lién tuc trén R.
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62. Cho ham s6 £ (x) = 2. Tim nguyén ham F(x) cua ham s ' (x) trén R sao cho
F(0) =log,(2e).

63. Tinh:
1 Loe 1
a) | —2dx; b) | =dx; 4
) I )J 3 c) Ix %
0 0 0
3 2, 9
d) [23xdx; ¢) [—dv: &) [Gev/x - 2)dx.
1 y 3% 1
64. Tinh:
ks s s
2 Py 2
a) |sinxdx; b) [cosxdx; c) —dx;
J(; ) ‘([ {sin‘ %
%
ki ks s
o 2 3
d) I —dx; e) J(sinx—Z)dx; 2) I(3cosx+ 2)dx.
) cos™x i 5
65. Tinh
) 1 1
a) fe *dx; b) [3"7dx; o) [3ax.
0 0 i1

66. Goi H 1a hinh phing gi¢i han béi do thi ham 6 y = 2, truc hoanh va hai duong

théngx: 1,x=2.

a) Tinh dién tich S cia hinh phing /.

b) Tinh thé tich 7 cia khéi tron xoay tao thanh khi cho hinh phing H quay
quanh truc Ox.

67. Goi H 1a hinh phing gi¢i han boi db thi y = x*> — 2x, truc hoanh va hai dwong
thang x =0, x =2.

a) Tinh dién tich S ctia hinh phing .
b) Tinh thé tich I ciia khdi tron xoay tao thanh khi cho hinh phing H quay
quanh truc Ox.

68. Mot vat chuyén dong véi van tée v(t) = 3 — 2sint (m/s), trong d6 ¢ 1a thoi
gian tinh bang gidy. Tinh quang duong vat di chuyén trong khoang thoi gian tir
thoi diém £ = 0 (s) dén thoi diém ¢ = % (s).
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69. Mot xe 6 t6 dang chay véi toc do 72 km/h thi nguoi lai xe bat ngo phat hién
chudng ngai vt trén duong cach do 110 m. Nguoi lai xe phan tmg moét gidy sau
d6 bang cich dap phanh khan cép. K& tir thoi diém nay, 6 t6 chuyén dong cham
dan déu voi toe do v(f) = — 20t + 40 (m/s), trong do ¢ 1a thoi gian tinh bing gidy
ké tir luc dap phanh. Goi s(f) la quing duong xe 6 t6 di duoc trong 7 gidy ké tir
lac dap phanh.

a) Lap cong thirc biéu didn ham s6 s().

b) Thoi gian ké tir lue dap phanh dén khi xe 6 to ding hin 1 bao nhiéu gidy?

¢) Quing duong xe 6 t6 da di chuyén ké tir luc nguoi lai xe phat hién chudng ngai
vt trén duong dén khi xe 6 t6 dimg han 1a bao nhiéu mét? Xe 6 t6 co va cham voi
chudng ngai vat trén duong hay khong?

> LI GIAI - HUGNG DAN - PAP SO
§1 NGUYEN HAM
1. C 2.B. 3!C. 4.D. S.B.
6. 2)D.b)D,c)S. d)S.
7. )P, b)P,c) S, d)P.
8 a)D,b)D,c)S. d)D.
9. a)f@x’ -4 +6)dx=.[2xzdxvj4x5dx+16dx=§x3 %xﬁ +6x+C.

b)_[(x+3)(— 2—x)dx=j(— x* —5x—6)dx=—jx2dx—j5xdx—jcdx

3 k)
== —SL—6x+C.
3 2

c) J.xs;;x:’dx=j(x5 -7x2)dx=jx5dx-7jx2dx=§-%)63+C.

10. a) stinx:dx = Zj.sinxdx= —2cosx+C.
4
b) J'(cosx+x3)dx = J'cosxdx+jx3dx= sinx+%+C.
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4 5
c) I[Tx—Scosx}\x= —%IxAdx—Bjcosxﬂx =—f—o—3sinx+C.

11*. a) J‘z»‘ 1D?dx='|‘(2'“)'dx=2x “c

b) .[Zxcos(xz)dx = J[sin(xz)]'dx =sin(x?)+C.

¢) _[COSZ (%)dx: IM%dx=%jdx+%jcosxdx= x+;'mx +L.

12. Ix‘+7x+12

(x+3)(x+4) x?
dx = dx = +ddx=—+4x+C.
x+3 -[ x+3 * I(x M 2 ¥

13. Ta co: J.(sz —2x)dx=j3x2dx—j.2yodx=x3 —32+C.
ViF(1)=5nén 13— 1>+ C=35,suyraC =5 Vay F(x) =x> —x*>+ 5.

14. Ta co:
I(4x3 +3x%)dx = I4x3dx+ J3x2dx =x'+23+Cva (= 12x% +6x.
ViF1)-f'(1)=-16nén 1*+ 3 +C-12.1°-6.1=-16,suyraC =0.
Vay F(x) =x" + 2.

15. Ta co: J.v(t)dt = I— 0,2zsin(nt)dr = — 0, 2nIsin(m)dr =0,2cos(mt)+C.
Do x'(t) = v(t) nén x(f) 1a mét nguyén ham ctia v(f). Vi x(0) = 0,2 nén C = 0.
Vay x(f) = 0,2cos(nt).
§2 NGUYEN HAM CUA MOT S6 HAM SO SO CAP
16. B. 17. A. 18. D. 19. A. 20. D.
21.2)P,b)S. ¢) P, d) S.

22.2)D,b) P, c) P, d) S.

1 4
23. a)jx3dx= %x-‘ +C.

=% =5
b)IJde:j.dex=_T2xT+C
X
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-4 11
C)Jde=J‘xl5dx=Exl5 +C.
11

i/?
x5
1V, 2, 1 S
d) I(X_TJ dx—j{x +x—2—2de—?—;—2x+C.
e)'[x 3)(L+1) I(x—Z—%jdx:x—zu—Zx—ﬂnleC‘

g) j(3x2 —i)(2x+5)dx = j(6x3 P
P

X

=%x4 +5x> —8x—20In|x|+C.

5yx 5x
24.a) [*Fdx = [(° xdxz(e) Yc=“.10

)| I Ine’ 5

(5

g 024 -
b)j;dx=-[; i +C = J +
20247 2024 oL 2024%In2 024
2024

x 3
<) j(2‘+x2)dx=&+%+c.

d) J'(z*‘ 3 g = 3]’18de =

+4*+1 3 (4 (1)
= +|=| +|=]| ldx
o (| (3
X X
= 3 * 4 S A
5*(In3—In5) 5(In4—In5) 5"In5

3.18 )
In18

25. a) I(Ssinx—Gcosx)dx =—5cosx—6sinx+C.

b) jsinz 2xdx + J.cosz 2xdx = I(sinz 2x+ cos? 2x)dx = Ildx =x+C.

c) J.sm ( ]d.x J-l—cosx %Idx—%jcosxdx:x_;inx+c.

d) I(sm +cos— ) dx = I(sin: 2y sinx+coszijdx = J(l +sinx)dx
2 2

=x-cosx+C.

33

Ban in thor



e*) Icos“ T - Isin4 Tgr = j(cos2 X tsin? £j(cos2 X _sin? f)dx
2 2 2 2 2 2

:j.cosxdx:sinx+C.

g*) Itan xdx = .”:(tan x+1)— l]dx_“‘[cos . 1]dx=t2mx—x+C.

§3 TICH PHAN

26.C. 27.C. 28.C. 29.A. 30.C. 31.C. 32.D. 33.A. 34.D.
35.B. 36.A.

37.a)D.b)S,c)S. d)S.

38. Liyf(x)=1,g(x)=x,a=1,b=2. Taco:

jldx )
j de=tn =In2-In1=In2, 1 =Lg= ..}
2 TS 13
[ 2
! 1
Mo
SuyraJl de# ]
dex
1

39. Vi G(x) la mét nguyén ham cta g(x) nén ta co I g(x)dx = G(2) - G(- 1) hay
6=G(2)-8. Suyra G(2) = 14.
=3 1
40.2) [ fr)de=— f(x)dx=-5.
1 =9
1

1
b) j—4f(x)dx=—4jf(x)dx=—4.5=—2o

e

1
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1 1 1
&) [F@+g@lde= [ fGde+ [ gxydy=5+(-4)=1

1

1 1
o) [F®-gldre= [ f(x)dx— [ glx)de=5-(-4)=9.

1 1 1
9 [ -5g@ldv=3[ f(x)dr-5 [ gxdr=3.5-5 . (- 9=35.

3 2 3 2
4. Taco: [ fx)dx= [ fx)dv+ [ F(x)dx hay 2= [ f(x)dx+(=5).
=7 o 9, !
Suy ra j: f(x)dx=7.
]

42. Xe 6 t6 dung hin khi v(r) = 0, tirc 1a — 67 + 18 = 0 hay £ = 3 (s).
Quing duong ma 0 t6 di dugce tir lic dap phanh dén khi dung hin la:

I(—6t+18)dt—( 3t +181) =27 (m).

43. Do thi ham s6 biéu dién van toc theo thoi gian la mét duong thing qua gdc toa
do, nén ta co: v(t) = at (a € R).
Vikhit=5thiv=10néntaco: 10 =a. 5 hay a=2. Vay w(r) =2t
a) Quang duong ma vat d1 chuyen duoc trong 5 gidy dau tién la:

Iv(t)dt = _[ 20di =

=25 (m).

b) Quang dudng ma vat di chuyen duoc tir thoi diém 1 gidy dén 5 giay la:

jv(l)dt = _[zrdt = t‘ . —1=24 (m).

1

44. Quing dwong ma con lic d1 chuyén sau 1 gidy ké tir vi tri can bang la:

S= jv(l)dt IZcostdt = 2smt|0 =2sinl = 1,68 (cm).
0 0

§4 UNG DUNG HINH HOC CUA TiCH PHAN
45.A. 46.B. 47.B.
48.2)P,b) P, ) S, d) P.
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49. a) Hinh phing do duoc gidi han bai cac db thi ham sé y = Gj ,y=—-2x+1

va hai duong thing x = — 1, x = 0.

b) Dién tich hinh phang do la:
0
s=
-1 -1

- [ ay 3 )2
In3 In3 In3

50. a) Hinh phing do duoc gidi han boi cac db thi ham sé y=x>—2x— 1,y =
va hai duong thing x = — 1, x = 2.

b) Dién tich hinh phing do6 la:

§= II(— X2 4+3)— (% —2x—1)|dx = I[(— x* +3)— (x* - 2x - D]dx
e -1

2

= J(— 2x2+2x+4)dx=(—§x3+x2+4x) =9.
21 -
51. Thé tich khéi tron xoay do la:
- z n
2 2 : > 2
V=1\:Icoszfdx=njl+cosxdx= ﬂ:(x+smx)|_ _T +21t.
Q2 . @ oy |, 4

BAI TAP CUOI CHUGNG IV
52.A. 53.B. 54.D. 55.C.
56.2)S,b) D, c) P, d) S.
57.2)P.b) S, ¢) S, d) P.

58.2)D,b) S, ) S, d) D.

i
59.2) j(x+1)(x2—x+1)dx:j(x3+l)dx=x7+x+C.

b) IX[Z_%}’X=I[ZX—;—Z}B=XZ+%+C.

36
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673

¢) [e ¥ de=[(e ) dx= ( ) +C=— Tx+c.
d) [(2-3tan® x)dx = j[s- )dx=5x—3tanx+c
COSX

e)IZ’“’l —I =m+c

2).(
g)jymdx 3]'( )dx=3 (2 P s

ln% 2°(2In3-1n2)

1 1 1 1 1
60. Taco: [[2/(x) v = 2[ /(x)dx - [ dx =3 ma [dx =1nén 2 f(x)dx —1=3
0 0 0 0 0
1
hay jf(x)dx:z
0

61. Liy fx) = 2x, g(x) = 3. Khi do, j [F(x) . g(x)]dx = jsmx =3x"+C;
jf(x)dx . _[g(x)dx = J’zmx , J-de =& +D)3Bx+E)
=3x + Ex* +3Dx + DE (C, D, E la céc hing s6).
Suy ra [If(x) . g@0ldx = [ fGodr - [g(x)dr.
o [27de= 2 i - L e
62. Ta co: j2 dx = ™ +C. Vi F(0) =log,(2e) nén 5 +C=1+ — suy ra

X

2
C=1.Vay F(x)=——+
ay F(x) =

1.

1
63.2) [—2dx=—2x| =

X 1
b)[Zde=2 ==,
)| 5
0 0
1 5|t
c) J.x4d.x=)L— =l.
4 5], 3
2 ’ 933-3
d)jzé/y?dx 2jx3dx =
L 1 2
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2 of 2 S
g) J-(x\/;—Z)dx='[(x1—2)dx=[le_2xJ Y
i i 3 5
1
U
2 ]
64. a) jsinxdx=—cosx =1
2 0
™
P x
b) Icosxdx:sinx . :QA
[ [ 2
T
el i
c)J._l7 dx=—cotx12‘=1.
zsin”x =
4
s
T il
d)j l, dx=tanx4=14
0 cos”x
0
x X
e) I(sinx—Z)dx:(—cosx—Zx) ( =1l-=
o 0
T
N z 32
g) I(Scosx+2)dx=(35inx+2x) m2NE, B
0 v 2
2 . 2 ey 5P 11
65.2a) e dx= (e )dx="—"S =— =— L}
){][ ;!‘( ! Ine 5 5610 5
1 1 3.x+21 18
b) [3"7dx=9[3"dx = =2
p o In3 In3
0
b p o[ 80
&) I32xdx=.]‘9xdx=7 _ 80
2 2 9~ 99
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2
66.2) S = jz . i [ I
In2}  In2
712 127 67
b) V' =xn|(2%) dx=n|4"dx = = =
4 ”I( y nj 22| " 2l2 W2
2‘ 2 | 2 2 ('7 x3j2
67.2) S=|]x*-2x|dx=|@x-x)dx=| x* - | ==
a) Jx X J(;(JL x7) x 3 3
o
7 4x ]2 167
b) V= —2x)%dx = -4 +4xP)de=n| = —x* + =
) nj(x x) nJ(x 7 x) 7\:(5 % 3 5

68. Quing duong vat di chuyén trong khoang thoi gian tir thoi diém ¢ = 0 (s) dén
thoi diém 7 = E () la:
7[

——+J§—2 (m).

0

S = |(3—2sint)dt = (3t + 2cost)

o'—.-xal:l

69. a) Ta co: j(— 201 + 40)dr = — 10£% + 401 + C.
Do s(0) =0 nén C = 0. Suy ra s(f) = — 10 + 40¢.
b) Xe 6 t6 dimg hin khi v(7) = 0, tirc 1a —20¢ + 40 = 0 hay ¢ = 2.
Vay thoi gian ké tir ltic dap phanh dén khi xe 6 t6 dimg han 1a 2 giy.
c) Ta co: 72 km/h = 20 m/s.
Quing dwong xe 6 t6 con di chuyén dugc ké tir luc dap phanh dén khi xe dimg
han la:
5(2)=—10.2%+40 .2 =40 (m).
Viy quing duong xe 6 t6 da di chuyén ké tir lac nguoi lai xe phat hién chudng
ngai vat trén duong dén khi xe 6 t6 dung han la: 20 + 40 = 60 (m).
Do 60 < 110 nén xe 6 t6 da ding hén trude khi va cham véi chudng ngai vat trén
duong. Vi thé, 6 t6 do khong va cham vé6i chudng ngai vat.
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PHUONG TRINH MAT PHANG,

DUGNG THANG, MAT CAU
TRONG KHONG GIAN

§1 'PHUONG TRINH MAT PHANG

A. KIEN THUC CAN NHG
1. Phuong trinh mat phfmg
a) Vecto phap tuyén va cap vecto chi phwong ciia mat phing

* Cho mit phing (P). Néu vecto 7 khac 0 vaco gid vudng goc voi mat phing (P)
thi 71 dugc goi la vecto phdp tuyén ciia mat phang (P).

Nhdn xét: Néu 7 la vecto phap tuyén cua mot mit phang thi ki (k # 0) ciing la
vecto phap tuyén ctia mit phing do.

 Cho mit phang (P). Hai vecto khong cing phuong c6 gia song song hoic nim
trong mit phang (P) dugc goi la cdp vecto chi phiwong cia mit phing (P).

Chii y

Xac dinh vecto phap tuyén ciia mat phiang khi biét cap vecto chi phuong:

Néu hai vecto @ = (a,; a, ; 3)s b= (b, = by ; by) lacdp vecto chi phuong clia mat
a, a3 a3 af

phiing (P) thi 7 =[d. b | = ; ;
4 b3 b3 bl

RERC 1T mot vecto phap tuyén
b b

o>

ctia mat phing (P).

b) Phuong trinh téng quit cia mat phing

Phuong trinh Ax + By + Cz + D =0 (4, B, C khong dong thai bang 0) 1a phwong trinh
téng quat ciia mat phang. Hé s6 D goi 1a hé 56 tw do ctia phuong trinh tong quat.
Nhdn xét: Néu mit phang (P) c6 phuong trinh tong quat la Ax + By + Cz + D =0,
trong d6 4, B, C khéong ddng thoi bing 0, thi vecto 7 = (4 ; B ; C) la mot vecto
phép tuyén cia mat phing (P).
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¢) Lap phwong trinh téng quat cia mat ph::mg

e Ldp phuong trinh tong quat cia mat phang di qua mét diém va biét vecto
phdp tuyén

Mit phing (P) di qua diém 1(x, 5 ¥, 5 Z,) va nhan n=(4:B:C) lam vecto phip
tuyén c6 phwong trinh téng quat 1a: Ax + By + Cz + D =0 v6i D = —Ax,-By,-Cz,

o Ldp phirong trinh t6ng qudt ciia mét phing di qua mot diém va biét cdp vecto
chi phwong

Dé 1ap phuong trinh mit phang (P) di qua diém I(x, 5 y, 5 2,) €6 cdp vecto chi
phwong la #, ¥, ta c6 thé lam nhu sau:

Bude 1. Tim 7 =[u, v].

Bude 2. Lap phuong trinh mt phing (P) di qua diém I(x,:y,:z,)nhan 7 lam vecto
phap tuyén.

* Ldp phwong trinh tong quat ciia mdt phang di qua ba diém khong théing hang

bDé lz"xp phuong trinh mat phing (P) di qua ba diém Hia, ; 5,9¢).1(a,; b,;c),
K(a,; b, c,) khong thang hang, ta c6 thé lam nhu sau:
Bude 1. Tim ciip vecto chi phuong ctia mat phing (P) la:
ﬁ:(a2 —@, 45, —b ;0 —G) HK =(ay—a; ;b,5b ;€ —¢).
Bute 2. Tim 7 = HI, HEK |
Bude 3. Lap phuong trinh mat phang (P) di qua diém H(a, : b, : c,) nhan 7 lam
vecto phap tuyén.
Chii y: Mit phang di qua ba diém A(a ;0 0), B(0; b:0), C(0: 0 ; ¢) véi abc # 0

¥

¢6 phuong trinh la §+ > +i; = 1. Phuong trinh do con dugc goi la phuong trinh

mdt phéng theo doan chiin.

2. Diéu kién song song, vudng goc ciia hai mat phiing

a) Diéu kién song song ciia hai mat phing

Cho mit phing (P,) c6 phuong trinh tong quat la Ax+By+Cz+D, =0vamit
phang (P,) c6 phuong trinh tong quat laA,x + By + Cz + D, = 0.

Goi 7y = (4 : B, C)), 1y = (4 By ; Cy) lan luot la vecto phap tuyén cia hai
mit phing (P). (P,).

= ki,

Khi dé: (P)) / (P,) khi va chi khi ton tai s6 thue & # 0 sao cho
Dy # kD,.
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b) Piéu kién vuéng goc ciia hai mat phe:mg

Cho mit phing (P,) c6 phuong trinh tong quat la Ax+By+Cz+D =0vamit
phing (P,) c6 phuong trinh téng quat ladx+By+Cz+D,=0.

Khi do: (P) L (P) & A A, +BB,+C,C,=0.

3. Khoang ciach tir mét diém dén mét mat phiing

Khoang cach tir diém M(x, 5 ¥y 5 2) dén mat phang (P): Ax + By + Cz+ D =0
|Ax0 +Byy +C2y + D‘

NA2+ B +C?

(A4* + B* + C* > 0) dugc tinh theo cong thue: d(M,, (P))=

B.ViDU
Vin dé 1. Xéc dinh phuong trinh tdng quit va vecto phap tuyén ciia mit phiing
Vidu 1 7Phu0rng trinh ndo sau diy 1a phwong trinh tong quét cia mit phing?

A2x-y+22-1=0 B.x-—)!+z—-1=0.
C.x*-y+z-1=0. D.2x+3y+z—-1=0.
Giai

Phuong trinh tong quat cua mat phing co dang Ax + By + Cz+ D =0 véi 4, B, C
khéng ddng thoi bang 0 va x, y, z co sé mil bang 1.

Nhan thiy chi c6 phuong trinh 2x + 3y + z— 1 = 0 diing dang phuong trinh tong quat
cua mat phfmg. Chon D.

Vidu 2 ZCho mit phing (P) c6 phurong trinh — 2x + 4y + 9z + 1 = 0. Vecto nao sau
day la vecto phap tuyén cua mét phing (P)?
A7 =(2:4;9). B
C.riy=(4:9:1). D.7,=(-2:4;1).

Giai
Phuong trinh — 2x + 4y + 9z +1=0c64=-2,B=4,C=9.Vay n, =(—2:4:9)
1a mét vecto phap tuyén ciia mit phing (P). Chon B.

Vidu 3 ZTrong méi y a), b), c), d), chon phwong dn: diing (D) hodc sai (S).

Cho diém /(1 ; 2 ; 3) va mat phang (P): 2x + 2y —z + 15 =0. Goi H(x, . y,:2,) 1a
hinh chiéu vudng goc cua I trén (P).
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a) Vecto 71 = (2; 21 — 1) lamot vecto phap tuyén ctia mit phing (P).

b) Vecto IH khéng cung phuong voi vecto 7= (2;2; — 1).

¢) IH =tii voitla mét sé thuc nao do.
d) Toa d6 cta diém H1a (5;6 ;- 2).
Gidai

Phuong trinh 2x +2y —z+15=0c64=2,B=2,C=—1nénvecto i =(2:2;-1)
la mét vecto phap tuyén ctia mat phang (P).

<R~ - )
w| w|wn|n

ViH 1 (P)nén hai vecto IH vaii co gia song song hoic trung nhau. Suy ra IH va
7 cung phuong,
Khi do, 7H =17 voi t 1a mét sé thue nao do. Vi I = (xy —1: vy —2: 2 —3),
= (2t;2t;,—1), tacé:

Xy —1=2t Xy =142t

IH =< Yy —2=2t S{yy =2+2

Zy —=3=—1t zZg =3—t.

Suy ra H(1 + 2t ;2 +2t; 3 — ). Ma H thude (P): 2x + 2y —z + 15=0nén
21 +20)+22+2H)-B-HN+15=0 &< t=-2.

VayH(-3;-2;5).
Dap an: a) P, b) S, c) D, d) S.

Vin dé 2. Lap phwong trinh mit phing
Phwong phdp: Dé ldp phwong trinh mat phang, ta thwong chi ra toa d¢ mot diém
thuge mat phing va mét vecto phdp tuyén ciia mdt phang do (riéng truong hop
mdit phing cdt ba truc toa dé tai ba diém cho trude, ta co thé ldp phwong trinh mdt
phéng theo doan chiin).
Vidu4 ; Lap phwong trinh mit phing (P) trong mdi truong hop sau:
a) (P) di qua diém I(—2 ;3 ; 0) vanhan 7 = (4 ; —1; 5) lam vecto phap tuyén;
b) (P) di qua ba diém A(2:0:0). B(0:3:0),C0:0:1).
Gidi
a) Phuong trinh mit phing (P) la:
4. x+2)+(-1D).(-3)+5.z-0)=0=4x-y+5z+11=0.
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b) Phuong trinh mét phang (P) la:
22 iciomry+6z-6=0.
2 3 1
Vin dé 3. Ching minh hai mt phiing song song hoiic vuéng goc

Vidu 5 7 Cho hai mit phing (P):3x+2y—z+1=0,(P):6x+4y-2z+3=0.
Chimg minh rang (P,) // (P,).

Gidi
Hai mat phing (P)), (P,) co vecto phap tuyén lan luot la 7 =(3:2:—1),
ty=(6:4:-2).Vin, =2/ va3#2.1nén(P)// (P).

Vi du 6 ZCho hai mit phing P):4x—3y—22+4=0,(P): 5x -2y +13z+9=0.
Chimg minh ring (P)) L (P,).
Gidi
Cac vecto 7, = (4;—3;=2), 7, =(5:—2:13) lan luot la vecto phap tuyén clia
hai mit phing (P)va(P).
Vid ., =4.5+(=3).(-2)+(2).13=0nén # L7, Viy(P)L(@P).

Vin dé 4. Tinh khoéng cich tir mét diém dén mot mat phing
Vidu 7] Cho mit phing (P): 2x — 3y + 6z — 7 = 0 va diém M(5 ; 2 ; — 3). Tinh
khoang cach tir diem M dén mit phang (P).
Giai
Khoang cach tir diém M dén mit phing (P) la:
|2 .5-3.2+6. (—3)—7‘ =5

A= R

Vin dé 5. Ung dung

Vidu 8 [ Hinh 1 minh hoa hinh anh mot
toa nha trong khéng gian voi hé toa do
Oxyz (don vi trén mdi truc toa do 1a mét).
BiétA(SO 10:0),D0(0;20;0), B(4k: 3k 2k)
v6i k>0 vamit phing (CBEF) ¢6 phuong
trinh laz = 3.

a) Tim toa do cua diém B.
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b) Lap phuong trinh mat phing (A0BC).
¢) Lap phuong trinh mit phing (DOBE).
d) Chi ra mét vecto phap tuyén cua mé6i mat phang (AOBC) va (DOBE).
Giai
a) Vi B(4k ; 3k ; 2k) thude mit phang (CBEF): z =3 nén 2k =3, suy ra k =
3(6 7 2 4 3).
2

N w

. Vay

b) Ta co: @:(50:0:0),@:(6;2:3] nén

00 50 0
[04, 0B]=| o s ol|=(0:-150: 225)
. 53.3 ol 2 ; . 225).

Suyra 71 =(0; — 2 ; 3) 1a mét vecto phap tuyén cua mit phing (AOBC).
Vay phuong trinh mit phing (A0BC) la:
0.(x=0)+(=2).(¥=0)+3.(z=0)=0 =2y 3z=0.
¢) Ta co: ()75:(0 ;20 0), @:(6;%;3 nén
20 0|

[oD.08]= |9 |

0 20

9||=(60:0:-120).

3 6 (6

0 0‘_

Suyra i =(1;0;— 2) lamét vecto phap tuyén ctia mit phiang (DOBE).
Viy phwong trinh mit phing (DOBE) la:
1.x-0)+0.@—0)+(—2).z-0)=0&x-22=0.
d) Mot vecto phap tuyén cia mdi mit phing (AOBC) va (DOBE) lan luot la:
p=(0:2:-3)vag=(-1:0:2).

Vidu 9/ Hinh 2 minh hoa mdt khu
nha dang xay dung duoc gz'in hé truc toa
d6 Oxyz (don vi trén cac truc la mét).
Mai cot bé tong co dang hinh ling tru

tir giac déu va tim cua mit day trén lan
luot 1a cic diém A(2:1:3), B(4:3:3). 7
C(6:3:2,5),D(4;0;2,8). Hinh 2
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a) Lap phuong trinh mét phang (4BC).
b) Bén diém A, B, C, D c6 ddng phing hay khong?

Gidi
a)Tacé:E:(2;2;0). E:(4:2;—O,5) nén
S 2 0 0 2l 12 2
[4B, AC] = : : =(=1;1;-4)
2 -05 -05 4/ |4 2

1a mét vecto phap tuyén ctia mat phang (ABC).

Vay phuong trinh mit phing (4BC) la:
ED.@x-2)+1.¢-D+(-4.-3)=0x-y+4-13=0.
b)Vid-0+4.28-13=22%#0nén diém‘D(4 ; 0 2,8) khong thude mit phing

(4BC). Vay bon diém 4, B, C, D khong dong phang.

C.BAITAP

1. Phuong trinh nao sau day la phuong trinh tong quat ctia mat phing?
A.x-p#-2=0. B.x +2%=3=0.
C.x—z—4=0. D. 2 +y2+22-1=0.

2. Cho mat ph?mg (P): —x + 2y +3 = 0. Vecto nao sau ddy la vecto phap tuyén ctia
mit phing (P)?
A 7 =(-1:2:3). B
C.hy=(-1;2;0). D. i, =(=x;2y;3).

3. Cho mit phing (P): 3x— 6y + 12z— 13 = 0. Vecto nao sau day la vecto phap tuyén
ctia mit phing (P)?
A =(3:6:12). B. 71, =(3x; 6y 122).
C. 71y = (3x; - 6y; 12z). D. 7, =(-1;2;-4).

4. Cho mit phang (P): 3x + 4y —z + 5 = 0. Vecto nao sau day la vecto phap tuyén cua
mit phing (P)?

A =341 B. 7, =(3;4;-1).
C.13=(3:4;5). D.n, =(3:4;-5).

5. Mit phing di qua diémM(x0 1Y, 3 Z,) va vudng goc véi Ox c6 phuong trinh la:
A.x-x=0. B.y-y,=0.
C.z-z,=0. D.x+y+z—x~y,~2,=0.
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6. Khoang cach tir diém M(x, 3,5 2,) dén mit phing (Oxy) bang:

A. x| B. |y, C.lz,). D. [x,+y,+z]
7. Khoang cich tir diém M, ;5,5 2) dén mit phing (P): ay + bz + ¢ = 0 bing;
& |ax0 + by, + c| 5 ‘ax(, + by, + c:0|
Va* +b* Na* +b*+c?
& |ay0 + bz, + c| 5 ‘ayo +bzy + c|

Na* +b* +¢? Va* + b*
Trong méi y a), b), ¢), d) & ciu 8, 9, chon phwong dn: ding (B) hodic sai (S).
8. Cho mit phing (P): —3x +y—2z+5=0.

a) Néu 7 1a mot vecto phap tuyén cia (P) thi ki 13 mot vecto b | S
phép tuyén cia (P) véi k# 0.
b) Néu # va 7' déu la vecto phap tuyén cua (P) thi # va 7' b | S
khong cung phuong.

¢) Vecto 7 =(—3:1;— 2) khong la mét vecto phap tuyén cia | D | S
mit phing (P).

d) Moi vecto phap tuyén cia mit phing (P) co toa do b | S
(—3kik;—2k) véik+0.

9. Cho diém /(-3 ; 0 ; 1) va mat phang (P): x — 3y — 4z + 1 =0.

a) Piém /(- 3 ; 0 ; 1) khong thuoe mat phang (P). D | S
b) Vecto 7i=(1;—3:4) la mét vecto phap tuyén cua mit i | &
phing (P).

¢) Néu mat phing (Q) song song véi miat phing (P) thi vecto pls
7i=(l;—-3:4) lamét vecto phap tuyén cuia mat phing (Q).

d) Mit phing (R) di qua diém / va song song vdi (P) c6 phuong P | S
trinh la: x - 3y -4z -7 =0.

10. Lap phuong trinh mit phang (P) trong mi trwong hop sau:
a) (P) di qua diém 1(2 ; 1 ; —4) va co vecto phap tuyénla 7= (3 ;-4 5);
b) (P) di qua diém (5 ; — 2 ; 1) va c6 cip vecto chi phuong la @ =(3; —1: 4),
b=(0;2;-1);
) (P) di quaba diém 4(0;3;7),B2;-5:4)vaC(l,—4;-1).
47

Ban in thor



11. Lap phuong trinh mét phing di qua ba diém A(5: 0 0), B(0;7:0), C(0:0:9).

12. Cho ba diém A3 -4:2),B(1;2;3),C0;1;5). Lap phuong trinh mat
phing (P) di qua diém 4 va vuéng goc voi duong thing BC.

13. Lap phuong trinh mit phing (P) di qua diém K(4 ; — 3 ; 7) va song song voi mit
phing (Q): 3x—2y + 4z + 7 =0.

14. Lap phuong trinh mit phing (P) di qua diém /(1 ; — 2 ; 4) va vudng goc véi hai
mit phing (Q): x—y—2=0,(R):y+z+3=0.

15. Cho diém M(x, ; , : Z,)- Tinh khoang cich tr M dén cac mit phing x — a = 0,
y-b=0,z—c=0.

16. Cho hai mit phang (P):x+2y=3z+5=0va(P) —4x—8y+12z+3=0.
a) Ching minh ring (P,) // (P,).
b) Tinh khoang cach gitra hai mit phang (B2

17. Cho hinh chép S.ABC thoi man ASB = BSC = CSA =90° . Goi H la hinh chiéu
vuéng goc ciia S trén mét phing (ABC). Ching minh ring

1 1 1 1
+

= + .
SH? QS4* SBY  sc?

18. Cho bén diém A(1: 0 0), B(0;2;0). C(0:0:3)vaD(l ;2 : 3). Chimg minh ring
A, B, C, D khong dong phing,

19. Cho hinh hdp chir nhit ABCD.A'B’C’D’ ¢6 AB = 2a, AD = 3a, AA’ = 4a (a > 0).
Goi M, N, P lan luot 1a cac diém thudc cac tia AB, AD, AA’ sao cho AM = a,
AN = 2a, AP = 3a. Tinh khoang cich tir diém C’ dén mat phing (MNP).

20. Trong khong gian vo1 hé toa do Oxyz, cho
hinh chép SABCD c6 day la hinh chir
nhat va céc diém A(0; 0 0), B(a; 0 ; 0),
D(@0:b;0),50:0;c)véia,b,clacic
s6 duong (Hinh 3).

a) Tim toa do cta diém C, trung diém M
cta BC, trong tam G cua tam giac SCD.
b) Lap phuong trinh mit phing (SBD).
¢) Tinh khoang cach tir diém G dén mit
phéng (SBD).
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21. Khi g:'in hé truc toa do Oxyz (don vi trén mdi truc toa do la decimét) vao mot ngoi
nha 1 tang, nguoi ta th:‘iy rrfmg mat trén va mat dudi cua mai nha thude cac mat
phing vudng goc véi truc Oz. Biét rang cac vi tri A3 ; 4 ; 33), D(9 ; 8 ; 35) lan
luot thude mit dwdi, mit trén ciia méi nha. Do day clia méi nha dugc tinh bing
khoang cach gita mit trén va mit du6i cia mai nha do. Hay cho biét do day cua
mai nha do 1a bao nhiéu decimét?

§2 ' PHUONG TRINH DUONG THANG

A. KIEN THUC CAN NHO

1. Phuong trinh dwong th?zmg

a) Vecto chi phwong ciia dwong thing

Cho duong théng Avavecto i khic 0. Vecto # duge goi la vecto chi phuong cia
duong thing A néu gid cia # song song hodc trung véi A.

Nhdn xét: Néu ii 1a vecto chi phuong cua mét duong thing thi ki (k # 0) ciing la
vecto chi phuong ctia duong thing do.

b) Phuong trinh tham s ciia duwong thing
x=x,+at
Hé phuong trinh {y = y, + bt , trong d6 a, b, ¢ khong dong thoi bing 0, £ 1a tham
z=1z,+ect
56, dugc goi 1a phwong trinh tham sé cia duong thing A di qua M, (X3, 1 2,) vaco
vecto chi phwong #/ = (a: b ; c).
x=xy+at
Nhén xét: Néu duong thing d c6 phuong trinh tham s6 1a { y = ¥ + bt trong do
2=z +ct
a, b, ¢ khong dong thoi bing 0, £ 1a tham s6, thi vecto # = (a : b ; ¢) 1a mot vecto
chi phuong ctia duong thing d.

¢) Phuong trinh chinh tic ciia duong thing

Trong khong gian voi hé toa do Oxyz, cho duong thfmg A di qua M (x,:5,:2,) va
c6 vecto chi phuong # =(a; b:c).
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—Xe _J—Ys _Z

Néu abc # 0 thi hé phuong trinh i ~% duoc goi la phuong
c

trinh chinh tdc cta dudng thing A.

d) Lap phuong trinh dwong thing di qua hai diém cho truéc

Duong thang A di qua hai diém Ay ¥y 5 2,0 B(x, 3 3,5 2)) 6t
x=xy+(x —x)t

* Phuong trinh tham s6 la: {y = Yo + (¥ = yo)t (tlatham s6).
z=2zy+(z -zt

X —X, - z—
N 4 (RS - ) (g X, Yo £V 2y % 2))-
N—=% N~ Za—%

* Phuong trinh chinh tic la:

2. Vi tri twong ddi ciia hai duong thing

* Trong khong gian v6i hé truc toa do Oxyz, cho ba vecto ) =(a;: b ;)
iy =(ay ; by 5 ¢,);, i =@, ; by i)

— Hai vecto 4y, 1, la cung phuong khi va chi khi [uy, u,] = 0.

— Bavecto i}, ii,, iy 1a dong phang khi va chi khi [1), #,] . ii5 = 0.

* Trong khong glan vo1 hé toa dé Oxyz, cho hai dlmng thing phan biét AgA, lan

luot di qua cac dlemM M, va tuong tmg c6 iy, 1, 1a hai vecto chi phuong. Khi
do, ta co:

i, 11, cung phuong [4,, 4] = 0
ANTA, & =
i, IM » khéng cung phuong [171, MM 2] #0
. ily, i1, khong cung phuon, @, i %0
A citA, e | T2 TOIBEIEPAINE [ 2]
= iy, iy, MM , dong phing [ #,]. MM, =0.

A, v A, chéo nhau < [i), i, ] . MM, # 0.

Chit y: Trong mét s6 truong hop, dé xét vi tri twong dbi cua hai duong thing, ta co
thé giai hé phuong trinh duge 1ap tir nhitng phuong trinh xéc dinh hai duong thing
do, sau do xét cip vecto chi phwong cta hai duong thing do c6 cing phwong hay
khéng (néu can thiét).

3. Goc

a) Géc giita hai dwong thing

Trong khong gian voi hé toa do Oxy: cho hai du‘dng thing A, va A, c6 vecto chi
phuong lan luot la i, = (a; 3 b, ; ¢,), 1, =(a, : b, : ¢,). Khi do ta co:
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|aay +bib, + iy
\/af +bi+cl . \/a22+b22+c22
Nhin xét: A| LA, < aa,+bb,+cc,=0.

cos(Ay, Ay) =

b) Géc giita dwong thing va mit phing
Trong khéng gian v6i hé toa dé Oxyz, cho duong théng A c6 vecto chi phuong
il =(a ;b ;¢) va mit phé:ng (P) c6 vecto phip tuyén 7 =(a, ; b, ; ;). Goi
(A, (P)) la goc gifra duong thang A va mat phang (P). Khi do, ta co:
i h'| |a1a: +bb, +cicy

I
Rt ™ = Y rorwro i sy

¢) Géc giita hai mit phing

* Goc giita hai mit phing (P (P,) la goc giira hai duong thang lan lugt vuéng goc
v6i hai miit phang do, ki hi¢u 1a ((P)), (P,)).

L Trong khéng glan vo1 hé toa do Oxyz cho hai mat phing (P)). (P,) c6 vecto phap
tuyén lan luot la 7, = (4, ; B, 3 C)), 7y = (4 5 By s C,). Khl do, ta co:

|44, + BB, +C,C, |

AR C? [ 42 + B 2

cos((A), () =

B.ViDU
Vin dé 1. Xdc dinh vecto chi phwong ciia duong thing
x=2+43t
Vi dy 1 JVecto nao sau dy la vecto chi phuong ctia duong thing A: { y = — 1+ 62
z=5-9t
Adl=(2:-1:5). B.il,=(3:6:9)
Ciy=(1:2:-3). D.i,=(2:1:5).

Gidai
Ta co vecto # =(3;6;—9) la mdt vecto chi phuong ctia duwong thing A, ma
Uy = %1; nén vecto #; = (1; 2 ; — 3) lamot vecto chi phuong clia duong thang A.

Chon C.

Vin dé 2. Lap phuong trinh duong thing

Phuong phdp: Dé lgp phwong trinh dwong thing, ta thwo‘ng chi ra tog d¢ mét diém
thuge dwong thang va mét vecto chi phiong ciia dwong thang do.
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@ Lap phwong trinh tham s6 va phuong trinh chinh tic cta dwong thing A,
biét A di qua hai diém AQ2:—1:4)vaB(5:—-10:-7).
Giai
Taco: AB = (3:—9:—11) lamot vecto chi phwrong ciia dudng thing A. Vay,
X=2+3t
phuong trinh tham s6 ctia dudng thing A la: {y =—1-9¢ (¢ la tham s6);
z=4-11t
x—=2 y+1 _z-4
3 -9 11

phuong trinh chinh tic cua duong thing A la:

Vin dé 3. Xét vi tri twong ddi ciia hai duong thing
Vidu3 ] Xac dinh vi tri twong d6i ctia hai duong thing A, A, trong mdi trudong
hop sau:

x=-2+3 x=5-1t,
a) Apqy=4+6t , Ayqy=-1-2t, (ll,tzlathamsé);
z=-1-12¢ z=3+4t,
bya 2t pRlEee N g3 z+s
2 —Jll 3 -9 4 7
x=-=114+5¢
0 AI:XT“:Y—_;=§, Ay dy=—2+3 (t1atham sb).
z=3-2t

Giai

a) Duong thing A, di qua diém M,(= 24— 1) vaco 1, =(3: 6 —12) la vecto
chi phuong. Duong thing A, diqua diémMz(S ;—1;3)vaco i, =(-1;-2:4)
la vecto chi phuong.
Ta co: i, =— 3il,, suyra i, 1, cung phuong;

MM,=(7:-5:4) va %;t % nén u,, MM, khong cung phuong.

Vay A /1A,

b) Duong thang A, di qua diém M (=3 :1:—4)vacd i, =(2: — 1 : 3) la vecto chi

phuong. Puong thing A, di qua diém M(6:=5;=5)vaco U, =(=5:4:7)
la vecto chi phuong.
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Ta co: - # —Tl, suy ra i, i, khong cung phuong;
’\/IIM =©9;-6;

[ul,uz]=[‘4 . ‘ —5H “=(—19;—29;3).

Do iy, i, ] MM, =(=19) .9+ (= 29) . (- 6)+3. (= 1) = Onénii,, ity, MM,
dong phing. Vay A cit A,

¢) Puong thing A, diqua diém M(=1:4:0)vaco i, =(1;—2:3) lavecto chi
phuong, Puong thing A, di qua diém My(—=11;-2:3)vaco i, =(5;3;-2)
la vecto chi phuong.

Tacé: MM, =(—10;-6;3),

2. 8 3 1] |1 -2
5 g = (8 ; 17 ; 13).
-2 5|5 3

[, %] = [’_3 £

Do [iy, il,] . MM, =(=5).(=10)+17 . (= 6)+13.3=—13 # 0 nén 1, i,,
MM, khong ddng phing. Vay A, va A, chéo nhau.

Vién dé 4. Tinh goc giita hai duong thing, goc giita duong thing va mit phing
va goc gitra hai mat phang
Vi dy 4 ] Tinh goc gifta hai dwomg thing A, A, biét

x =" x=—1
A 3y =8+1 va Ay iqy==2+1, (f, t:l.’ithamsé).
:=—9+\/§z‘l :=—\/§t3

Giai

Hai duong thing A, va A, ¢6 vecto chi phuong lin luot la # =(0:1; NOY
i, =(0:1; = 3).

0.0+1.1+~3.(=+/3
Ta co: cos(A, A,) = ‘ \/_ ¢ \[_)| =2=l_
JP+P (B P+ P+ (=B 4 2
Suyra (A, A) = 60°.
Vi du 5 ] Cho hai duong thing
Al:x—12:y+7::—5! szx_6=y+4=2_13A
9 =] 11 - -1 2 1

Chung minh A, LA,

Ban in thor



Giai

Hai duong thing A, va A, co vecto chi phuong lan luot la # =(9;—1;11),
=(-1;2;1.

Taco . i,=9.(=)+(=1.2+11.1=0. SuyraA LA,

Vidu 6 ZCho mit phing (P) c6 vecto phap tuyén 7 = (— 2: 3 ; 5) va duong thing
A ¢6 vecto chi phuong # = (3 ; — 1; 4). Tinh sin cta goc giita duong thing A va
mit phing (P). Goc giita duong thing A va mat phing (P) bing bao nhiéu do (lam
tron két qua dén hang don vi)?

Giai

—2): 3434 (=
Ta co: sin(A, (P)) = |( ) ( ~ = 1l 1
Je2P 432452 B2 P+ 48 24247

Suy ra (A, (P)) ~ 20°.

_Vidy 7)) Tinh goc gitta hai mit phang (P,) va (P,), biét (P,) va (P,) ¢6 hai vecto
phip tuyén lin luot 1a 7 = (3301 = 1), i, =(1:0:—+3).

Gidi

Ta co: cos((R). (B,)) =

VB
JBE+02 412 E+02+(= B2 2

Suy ra ((R), (P)) =30°.

Vidu 8 ] Trong méi y a), b), ¢), d), chon phwong dn: diing (D) hodc sai (S).
Cho hai duong thing Alzx_l B’ E A,:x_3:y—_4:2_5.Goia1é
2 1 27 P -1 2 =2

goc giita hai duong thing AL A

a) Vecto i, = (2 ; 1; 2) lamét vecto chi phuong ciia duong thing A b | S

b) Vecto co toa do (3 ; 4 ; 5) la mot vecto chi phuong cua duong pls
thing A,

h .1

¢) cosa = ll ‘ | Vi iy, il lan ugt 1a vecto chi phuong cia A, A, | P | S
)| . [ody

d) a ~ 64° (lam tron dén hang don vi cta do). b | S

Giai

Taco: i, = (2 1;2) lamdt vecto chi phuong ciia duong thing A
i, =(—1:2:—2) lamét vecto chi phwong cua duong thing A,
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Vi vecto ¢6 toa do (3 ; 4 ; 5) khong cung phuong véi vecto i, =(—1:2: —2) nén
vecto do khong 1a mét vecto chi phwong cua duong thing A,

T i . 1.
Ta co: cosaz=|1 |¢ L2

. Ngoaira,

‘”1| |iz,
;ﬁ,.ﬁ, [2.(-D+1.2+2.(-2) _4
il ] 24P+ Jenr e 22 O
Dap an: a) P. b) S, ¢) S, d) .

= a~ 64°

cosax =

i,

Vin dé 5. Ung dung

Vidu 9 7 Trong khéong gian voi hé toa
d6 Oxyz (don vi trén mdi truc toa do
la kilomét), m6t may bay dang & vi tri
A@B.5; —2:0,4) va s ha canh ¢ vi tri
B@3.5 : 5,5 ; 0) trén dwong bang EG
(Hinh 4).

a) Lap phuong trinh dwong thing AB.

b) Hay cho biét goc truot (goc giita
duong bay AB Vfl‘ mit phing nim Hinh 4
ngang (Oxy)) c¢6 nam trong pham vi
cho phép tir 2,5° dén 3,5° hay khong.

¢) C6 mét 16p may duge mé phong boi mdt mat phing (o) di qua ba diém
M(5;0:0),N(0;-5:0),P(0:0:0,5). Tim toa do cia diém C la vi tri ma may
bay xuyén qua dam may dé ha canh.

d) Tim toa d¢ cua diém D trén doan théng AB 1a vi tri ma may bay ¢ d6 cao 120 m.

¢) Theo quy dinh an toan bay, ngudi phi cong phai nhin thiy diém dau £(3,5; 4,5 ; 0)
cuia duong bang & do cao t6i thiéu la 120 m. Hoi sau khi ra khoi dam may, nguoi
phi cong c6 dat duoc quy dinh an toan d6 hay khéng? Biét ring tim nhin cia
ngudi phi cong sau khi ra khoi dam may la 900 m (Nguon: R. Larson and B. Edwards,
Calculus 10e, Cengage 2014).

Gidai

a)Taco: AB=(0;7.5; - 0,4).

we=8.5
Phuong trinh duong thing 4B la: {y =—2+7,5¢ (¢ a tham s9).
z=0,4-0,4t
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b) Phuong trinh mét phiang (Oxy) laz = 0. Ta c6:
|0.0+7,5.0+(—0,4).1] 04

JP+7.5 4047 JP+0?+2 3641

sin(A4B,(Oxy)) =

= (A(P)) = 3°

Vi 2,5° < 3° < 3,5° nén goc truot cia may bay nim trong pham vi cho phép.

¥y

¢) Phuong trinh mit phing (MNP) la: —+—5+——lc>x y+10z-5=0.

0,5

Vi C thuée duong thing AB nén C(3,5; — 2+ 7.5¢; 0,4 — 0,4¢) (c € R).

Ma C thuée mat phing (MNP) nén

3.5 (-2+75¢)+10.(0,4—0,4c)-5=0= c:%4

Suyra C z ﬁ ﬁ
27467115

d) Vi D thudc AB nén D(3,5 : — 2 + 7,5d 1 0.4 — 0.4d) (d € R). Ma D c6 cao d6 la

0,12nén 0,4 -0,4d=0,12 < d=0,7. Vay D(3,5 ; 3,25 0,12).

e) Taco: DE = J(3,5 —-3,5)% +(4,5-3,25)> +(0-0,12)> ~ 1,26 (km).

Vi 900 m = 0,9 km < 1,26 km nén phi cong khong nhin thiy diém E va khong

dat duoc quy dinh an toan bay.
C.BAITAP

x=
22. Vecto nao sau day 1a mét vecto chi phwong ctia duong thang { y

A i =(7,9;-16). B. 4,7 ;-9 16).
C.ii;=(0;1:0). D.id,=(-7:9:-16).

=—9+17

23. Puong thing di qua diém A(— 8 ; —3; 7) vanhan # = (3 ; — 4 ; 2) lam vecto chi

phuong c6 phuong trinh tham sé la:

x=3-8t x=—8+3¢
A {y=—-4-3t B.{y=—-3+4t
z=24T7t z=T+2t.
x=3+8t x=—8+3t
C.3y=—4+3t D.{y=—-3-4¢t
z=2+T7t z=T7+2t
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24. Puong thing di qua diém B(5;—2; 9)nhan # = (=17 ; 2 ; — 11) lam vecto chi
phuong co phuong trinh chinh tic la:

A'x+5=y—2=z+9. B.
=17 2 =11

C'x—5=y+2=z—9_ D.
=17 2 =11

25. Puong thing A co phuong trinh chinh tic la:
trinh tham s6 ctia A la:

x=1=-Tt
A {y=3-8t B.
z==2+t.
x==1-Tt
C.{y=3-8 D.
z=2+t.
x=—2=21t
26. Dudng thing A c6 phuong trinh tham s6 1a: { y = 3 + 5¢
z=—6-19t
Phuong trinh chinh tic cia A la:
A'x+21=y—5=2+l9' B'x+2=y—3=z+6l
-2 3 -6 -21 5 =19
C x+2=y—3=z+6l D.x—2=y+3=:—6l
21 5 19 =21 5 -19

27. Puong thing di qua diém M(x; 2y, 2 Z,) va vudng goc voi mat phing (Oxy) co
phuong trinh tham sb la:

X=X, x=t X=X, x=xy+t

A {y=y B.{y=y C.iy=t D. {y=y,+t

z=t. z=1z,. z=z,. z=2zy+t.
x=at

28. Cho dudng thing A co phuong trinh tham s6 { y = bt véi a*+b*+*>0.
z=ct

Cdsin clia goc giita duong thing A va truc Oz bang:
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29.

c |al

A ———. B ——.

oW p_H__

Na® +b% +¢” Ja® +b% +¢*
x=at

Cho duong thing A co phuong trinh tham 6 { y = b1 véi a* +b* +¢” > 0.

z=ct

Sin ciia goc gitta duong thing A va mit phing (Oyz) bang:

ko EAERE p—d
Va* +b% +¢* va*: +b% +¢*
] lc|

C. D.

Va? +b? +¢? Va? +b% +¢*

30. Cho a, b va ¢ khac 0, cosin cua goc giita hai mit phing (P): ax + by + ¢ =0 va

31.

58

(0): by + ¢z +d =0 bing:

2

A b8 ‘ B A
\/(a3+b2+c2)(b3+cz+d2) (a® 4 62)(6% +¢%)

2

C. ‘bl D. B

\/(a2+b2+cl)(b2+cz+d2)‘ \/(az+b2)(b2+cz)'

Trong méi ya), b), c), d) 6 cdu 31, 32, chon phwong dan: diing (D) hodic sai (S).

X+2024  yp+2025 z+2026

2 3 6
x—2y—2z+1=0. Goi atla goc giita duong thing A va mit phing (P).

Cho duong thing A:

va mit phing (P):

a) Vecto 21 = (2 024 ; 2 025 ; 2 026) lamét vecto chi phuong cia p|s
duong thing A.
b) Vecto co toa do (1 ; 2 ; 2) la mét vecto phap tuyén ciia mat pls
phang (P).
¢) sina = u v6i i 1a mét vecto chi phuong cia duong

] . 17| P | S
thing d, 71 1a mét vecto phap tuyén ctia mit phang (P).
d) @ ~ 50° (lam tron dén hang don vi cia do). P | S
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32. Cho hai mit phing P):2x-3y—6z+7=0,(P,): 2x +2y+z+8=0. Goi ala
goc gitta hai mt phang (P)) va (P,).
a) }/ectd f =(2:—3:-6) la mot vecto phap tuyén cua mit pls
phang (7).

b) Vecto ¢o toa dd (2 ; — 2 ; 1) la mot vecto phap tuyén cia mit p|S
phang ().

7y 7, . "
c) cosa = ||al| |;|‘ V6i 7y, 7, lan lugt 1a vecto phép tuyén cia | p | §
7y - |7,
miit phiing (P,), (P,).
d) o ~ 69° (lam tron dén hang don vi cia d9). b | s
x=2-3t
33. Cho dudng thing A ¢6 phuong trinh tham s6: { y = 4+ (¢ 1a tham s6).
z=5-2t

a) Tim toa do cta diém M thudc duong thing A, biét M 6 hoanh do bing 5.
b) Chimg minh ring diém N(8 ; 2 ; 9) thugc duong thing A.
¢) Chitng minh ring diém P(— 1 ; 5 ; 4) khong thugc duong thing A. Lap phuong
trinh tham s6 cua duong thing A’, biét A’ di qua P va song song v6i A.
d) Tim toa d6 cua diém 7, biét / la giao diém ciia duong thing A va mét phing (P):
x—y+z+9=0.
34. Lap phuong trinh tham s5 va phwong trinh chinh tic cta duong thing A trong mai
trueong hop sau:
a) A di qua diém A(2 ; — 51 7) va co vecto chi phuong # = (- 2: 3 ; 4).
b) A di qua hai diémM(~1:0;4)vaN2.5:3).
¢) Adiqua diém B(3 ; 2 ; — 1) va vudng goc voi mat phang (P): 2x — 35y + 6z —7=0.

35. Xac dinh vi tri twong dbi ctia hai duong thing A, A, trong mdi truong hop sau:

x==5=3¢t
a)AI:x;“7=y—_7l=%vaAl: ) =—10—4¢ (112 tham sb);
z=3+Tt
x=—2+5t
5 2 -1 z-~1
b) Ay y=T1-t tlathamso)va Ay —— = = 3
) A ,V_3t ( ) 7y 5 5

59

Ban in thor



A et _Ebgy p Bl _#3 Bl
3 2 —i3 T -6 —4 6

36. Tinh goc giita hai duong thang A, A, trong mbi trwong hop sau (1am tron két qua
dén hang don vi ctia do néu can):

x=3+2 x=T7+

) Apqy=—2+4 va A iy=—3-1t, (tl,tllathamsé):
z=0 z=2t,
x=3+t

b) A y=5—2t(tlathamso‘)vaAz:x;[}:yT%:#;
z=T7-2t

WPk O igmmiiamind _ Z+2
=1 2 —3 c 2 —1 =1

37. Tinh goc giita duong thing A va mét phang (P) trong mdi truong hop sau (lam
tron két qua dén hang don vi ctia do):

x=18—f3t

a) Aqy=11 (tléthamsé)vé(P):x—«/gy—z—3=0;
z=5+t

b) A:xT_S:y—_;: 26 s (PBx—dy+ 52— 640,

38. Tinh goc giita hai mat phing (lam tron két qua dén hang don vi cua do):
P):5x+12y—13z+14=0va(P,):3x +4y+52-6=0.
39. Tinh goc gitta mit phing (P): x —y = 0 va mit phing (Oyz).
x=11-3¢ x=—4+5t,
40*. Cho hai duong thing A;:Jy=—5+4f va A,y =2+31, voi m la tham
z=mh z =21,

s6 thue; 1. t,latham s6 ctia phurong trinh dudng thing, Tim m dé hai duong thing
do6 vudng goc voi nhau.
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§3 ' PHUONG TRINH MAT CAU

A. KIEN THUC CAN NHO
1. Pinh nghia mat chu

Cho truge diém 7 va sb dwong R. Mt cau tim 7 ban kinh R 1a tap hop tét ca cac diém
trong khong gian cach diém J mot khoang bing R.

A B

y
v Puong kinh
Nhin xét

 Diém M thudc mit cAu tim 7 ban kinh R khi va chi khi IAM/ = R.
* Diém M nam trong mit cau tam / ban kinh R khi va chi khi IM < R.

* Diém M nam ngoai mit cau tam / ban kinh R khi va chi khi I\ > R.

2. Phuong trinh mat ciu

Phwong trinh cia mét cau tam /(a ; b ; ¢) ban kinh R la:
(x—aP+@-bl+@E-c)’ =R

Nhdin xét

» M&i mit cdu déu c6 phuong trinh dang: x* + ) + 2% — 2ax — 2by — 2¢z +d = 0.

e Phuong trinh x> + )7 + 22 — 2ax — 2by — 2¢z + d = 0 xédc dinh mot mit cau khi va
chi khi @® + b* + ¢* —d > 0. Ngoai ra, néu > + b* + ¢*> — d > 0 thi phuong trinh do

xac dinhmétcéutzim[(a ;b c)vabankinh R =va®+b*+c*—d.

B.ViDy
Vin dé 1. Xdc dinh phuong trinh mat chu
Vidul 7 Phwong trinh nao sau day la phwong trinh mat cau?

A@-1P+@Q-3P+@E-47=19  B.(2x- 1P +@-3P+@E-47=19
Cx—1P+@-3P+@z-47=19  D.(x- 1P+ -3P+(E-47°=19%
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Giai
Phuong trinh (x — 1)> + (y — 3)* + (z — 4)> = 19° ¢6 dang phuong trinh mit cau.
Chon D.

_@ Phuong trinh nao sau day la phuong trinh mat cau?
AP +yP+22—6x—2y—4z+35=0.
B.x2+y2+22—8x—4y—62+29:0.
C.X2+y+22—4x—6y+1=0.
D.x%+y*+22-6z+10=0.
Giai
Trong céc phuong trinh, chi ¢6 22 + 3?2 + 22 — 4x — 6y + 1 = 0 thoa man diéu kién
a2+b2+c%—d>0vdia:2, b=3,c=0,d= 1. Suy ra phuong trinh dé la phwong
trinh mét cau. Chon C.
Vin dé 2. Xic dinh tim, bin kinh ciia mat ciu
@ Cho mat cau c6 phwong trinh (x — 8)% + (y + 7)* + z* = 4. Tim tim va ban
kinh ctia mat cau do.
Giai
Ta co:
-8+ + 7+ =4 (x-8)*+[y-(TDP+(E-0)y>=2%
Vay mit cau da cho c6 tam (8 ; — 7 ; 0) va ban kinh R = 2.
@ Cho mit cau c6 phuong trinh x*+y*+ 22— 10x + 6z + 5 = 0. Xac dinh
tam va ban kinh cua mat cau do.
Giai
Taco:x®+)?+22—10x+62+5=0
Sx*-2.5.x+25+y"+22+2.3.2+9=25+9-5
S (x-5P+)y*+(z+3)*=29.
Véy mat chu da cho ¢ tam I(5 ; 0 : — 3) va ban kinh R = ~/29.
_Vidy 5] Cho hai diém A(6; — 83 1) va B(0 : 6 ; 3). Xac dinh tam / clia mat cau
duong kinh 4B.
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Gidai
Tam I(x ; y : 2) la trung diém cta doan thing 4B nén
6+0 —8+6 1+3
xX=——=3, y=——= - -
2 2
VayI(3;-1;2).
Vidu 6 ] Cho hai diém (-2 4 5) vaM(1 ; 2 ; 7). Xéc dinh ban kinh ciia mt ciu
tam 7, biét mit cau di qua didm M.
Giai
Ban kinh ctia mat cu d6 bing: 1M/ = \/[1 P+ -9 +(7-57 =17

Vin dé 3. Lap phuong trinh m3t cau
W} Lap phwong trinh mat cau c6 tam /(0 ; — 12 ; 3) va ban kinh 4.
Gidai
Phuong trinh mat cdu do 1a: (x —0)? + [y — (- 12)]* + (z - 3)* = 4
o+ @p+122+(=-3)7=16
@ Lap phuong trinh mat cdu tim /(- 3 ; — 7 ; 8), biét mat cau di qua diém
A-2;-5;7.
Gidai
Ban kinh ctia mat ciu do bing:
U= \[-2- 3 +[-5- DF + (-8 =6.
Vay phuong trinh mit cau d6 1a: (x + 3)> + (v + 7)* + (z— 8)* = 6.

@ Trong méi y a), b), ¢), d), chon phiong dén: ding (P) hodc sai (S).
Cho hai diem A(1 ;—2:3),B(2:0; 1) vamit cau (S) tiam 4 di qua B.
a) Mt ciu (S) ¢6 ban kinh R = 4B.

b)AB =9.

¢) Phwong trinh mat cau (S) 1a: (x — 1)> + (v + 2)* + (z — 3)> = 81.

d) Phwong trinh mit ciu (S) 1a: x> +)? + 2> — 2x + 4y — 62+ 5 =0,
Giai

Mit cau (S) tim 4 di qua B nén co ban kinh bang AB.

R R~-R - -~
w| w | »n|®w
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Tacé: AB =212 +[0— (= 2 +(1-3)? =3.
Vay phuong trinh mit ciu (S) la:

=1 +@+2P+E-3P=9x+)P+22-2x+4y—62+5=0.
Pap an: a) P, b) S, ¢) S, d) P.

Vin dé 4. Ung dung

ﬁgu 1 07 Hé théng dinh vi toan cau (tén
tiéng Anh la: Global Positioning System,
viét tit 1a GPS) la mot hé thong cho phép
xac dinh chinh x4c vi tri cua mot vat thé
trong khong gian (Hinh 5).
Ta c6 thé mé phong co ché hoat dong cuahé
théng GPS trong khong gian nhu sau: Trong
cung mot thoi diém, toa do ctia mot diém A/

trong khéng gian s& dugc xac dinh boi bén -
vé tinh cho trude, trén mi vé tinh ¢O MOt juh: 1% inh GPS dang bay trén qui dao
may thu tin hiéu. Bang cach so sanh su sai . quanh Trdi Dt

léch vé thoi gian tir Iic tin hidu duoc phat Naguon: higps:/fvlikipedia.org)

di v6i thor gian nhian phan hot tin hiouido, e

m&i may thu tin hiéu xac dinh dwoc khoang céch tir vé tinh dén vi tri A/ cin tim toa
do. Nhu vay, diém M la giao diém cua bdén mit cu v6i tam 1an luot 1a bdn vé tinh
da cho.

Gia sir trong khong gian voi hé toa d6 Oxyz, cho bon vé tinh 43 ; — 1 ; 6),
B(1:4:8),C(7:9:6),D(7;~15: 18). Tim toa do cua diém M trong khong gian,
biét khoang cach tir cac vé tinh dén diém M 1an luot 1a MA = 6, MB =7, MC = 12,
MD =24.

Giai

Goi toa d6 cia M 1a (a; b ; ¢). Khi do, cac s6 a, b, ¢ thod man cac phuong trinh:

o

@-3P2+b+11 +(-61=6*a+b*+c*—6a+2b—12¢+10=0 )
@-1*+(b-4*+(c-8’=T=d+b+c*-2a-8h—16c+32=0 @)
@-7*+B-9P+(-6P=12>d*+bp>+c*—14a— 180 -12¢+22=0 (3)

(@=T77+ B+ 157 +(c— 18 =24> a® + b* + ¢* — 14a + 306 — 360 + 22 =0 (4)
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Trir trong tmg theo timg vé cua (4) cho (3), (3) cho (1), (2) cho (1), ta co:

48b—24c =0 c=2b )
78a720b+12:0®a=# 6)
4a-10b—4c+22=0 %)

Thé (5) va (6) vao (7), taco: — 106 + 6 —10b—8h +22 =0 b =1.
Suyrag=-1,¢=2.VayM(-1;1;2).

C. BAITAP
41. Phuong trinh nao sau diy la phwrong trinh mit ciu?
A (=3x—1)P2+ -3 +E-4*=122  B.X2+@+5’+((7z-9°=11~
C.(x—2)*+(By— 11 +(z—8* =19 D.x2+(y+ 57+ (z— 187 =14%
42. Phuong trinh nao sau dy la phuong trinh mit cau?
A XP+)*+22-2y—4z+20=0. B.x?+)P+22—6x-2y+22+2=0.
C.X 2+ +22+2x—6y+54=0. D.x*+)? +2% —4x+2y-22+40=0.
43. TAm cua mit cau (S): (x + 5)> + (¥ — 6)° + (z + 7)> = 64 ¢6 toa do la:
A (-5;6;-T. B.(5;-6;7).
C.(-5;-6;7. D.(5;-6;-7).

44. TﬁJncﬁamétcﬁu(S):xl+)/2+_—7—x—102—6:0cbtoadélé:

A.(—l;O:—Sj. B.(l;0;3)

2 2

C.(E:O;SJ. D.(—l;0:—3).
2 2

45. Ban kinh ctia mt cau (S): (x + 9)* + (v — 16)> + (z + 25)> = 16 bang:
A4 B. 256. C.8 D. 16.

46. Ban kinh ctia mt cau (S): x* + )2 + 2% — 10x — 4y — 2z + 5 = 0 bang;
A.25. B. 10. s D. 225.
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47. Phuong trinh ciia mét ciu tim /(— 11 ; — 13 ; 15) ban kinh 9 la:
A (x+ 11+ @+ 13> +(z—15)*=09.
B. (x + 11)* + (y + 13)* + (z — 15)* = 81.
C.(x— 11>+ (- 13+ + 157 =09.
D. (x— 11)*+ (y— 13>+ (z + 15)* = 81.

48. Cho hai diém I(~ 2 ;4 5) vaM(1 ;2 7). Mit cau tim / di qua diém M c6 phuong
trinh la:
A =2+ + 4P+ (z+572=17.
B. (x+ 20+ (y— 4y +(z— 572 = 7.
C.(x—22+(+4)P2+ @ +572= 7.
D.(x+27+(y—47>+(E-57=17.

49. Cho hai diém A(— 12 ;3 ; 7) va B(— 10 ; — 1 ; 5). Mit cAu dudng kinh 4B co
phuong trinh la:
A (x+ 11+ @-17+ (-6 =6.
B. (x+ 112+ (y— 1)? + (z— 6)° = +/24.
C. (x+11P2+ @ -1+ (= —-6)*=36.
D.(x— 11+ @+ 1)+ +6)P*=24

50. Trong mébi ya), b), ¢), d), chon phwong an: diing (D) hodic sai (S).
Cho hai diém M(0; - 1; )vaN@4;1;5).
a) Mit cau duong kinh MN c6 tam la trung diém cua doan thang MN.

DS

b) Néu / 1a trung diém cua MN thi /(2 ; 0 ; 6). D | S

¢) Ban kinh ctia mét cdu duong kinh AN bang 3. P | S

d) Phuong trinh mat cau duong kinh MN la: bl s
x-22+y*+(-3)*=9.

S

==y

. Cho miit cau (S) c6 phuong trinh: x> + (y + 4)> + (z + 5)° = 49.
a) Xac dinh toa do tam / va tinh ban kinh R ctia mét cau (S).
b) Piém 4(0 ; 3 ; — 5) c6 thude mit cau (S) hay khong?
¢) Piém B(1 ; — 4 ; — 1) nim trong hay nim ngoai mit ciu (S)?

d) Piém C(7:; 3 ; - 5) nidm trong hay nim ngoai mit cau (S)?
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¢) Lap phuong trinh tham s6 ctia duong thing IC.
g) Xac dinh toa d6 cac giao diém M, N cua duong thzcmg IC va mit cau.
52. Lap phuong trinh mit ciu (S) trong mdi truong hop sau:
a) (S)cotam /(3 ;—4; 5) ban kinh 9.
b) (S) cotam K (= 4 ; 6 ; 7) va di qua diém H(— 5 ; 4; 5).
¢) (S) c6 duong kinh ABv6iA(1;3;—-1)vaB(—1;-1;-5).
53. Cho mat cau (S) co tam O(0 ; 0 ; 0) va ban kinh 2.
a) Lap phuong trinh mit cau (S).
b) Lay cac diém A(1:0:— 1) vaB(1 : 1 ; 0). Lap phuong trinh duong thing 4B.

Tim toa do cac diém C va D la giao diém cua duong thing AB va mit cau (S).

54. Tai mot thoi diém c6 bio, khi dit hé truc toa do Oxyz (don vi trén mdi truc 1a
kilomét) & mot vi tri phu hop thi tam béo c6 toa do (300 ; 200 ; 1) (Hinh 6).

a) Lap phuong trinh mat cdu dé mé ta ranh
2101 bén ngoai ving anh hudng cua biao ¢
cép do: ban kinh gio manh tir cp 10, giat
tir cap 12 tré 1én khoang 100 km tinh tur
tam bdo.

b) Tai mét vi tri c6 toa do (350 ; 245 ; 1)
thi c6 bi anh huong boi con bao duge mo h ;
ta & cau a hay khong? (Nguon: https//istockphoto.com)

Hinh 6

~ -~ e
BAI TAP CUOI CHUONG V
55. Vecto nao sau day la vecto phap tuyén ctia mit phang (P): —x + 2y — 9z + 7 = 0?
An=(01;2;9). B.7h,=(1;-2;9).
C.ii3=(1;2;-9). D. A, =(-1;2;9).
56. Vecto nao sau day la vecto phap tuyén ctia mit phang (Q): 5x — 6z + 4 =0?
A7 =(5:0,-06). B.i,=(5,-6:4).
C.r;=(5:0:6). D.r,=(5:6:4).
67

Ban in thor



57. Vecto nao sau day la vecto phap tuyén ctia mit phang (R): z—2 = 0?

Ar=01;-2;0). B.7i,=(1;0;-2).
C.ry=(0:0:1). D.r,=(1:2:0).
x=9+6t
58. Vecto nao sau day la vecto chi phuong ctia duong thing d :{y =—10—7¢?
z=11+8¢
A i, =(9:-10:11). B.i,=(6:7:8).
C. 4y =(9;10;11). D.i,=(6;-7;8).
x=8—t
59. Vecto nao sau day 1a vecto chi phuong ctia duong thing d : {1y =7 ?
z=—6+9t
A i =(-1;0;9) B.i,=8:7:6).
C.iy=(1:0:9). D. i, =(@8;7;-6).
60. Vecto nao sau day 1a vecto chi phuong cua duong thing
d:ﬁ=y—+9=i?
15 -10 3
A. iy =(2;-=857). B.iy=(-=2;9;-7).
C. iy =(15;10; 5). D.i,=3;-2; 1)
61. Mit cau (S): (x—23)> + (v — 8)> + (z — 44)* = 81 ¢6 ban kinh bang:
A. 23. B.9. C.8. D. 44.

62. Toa do tim cta mat cau (S): (x + 19)> + (y — 20)> + (z + 21)> =22 la:
A.(-19;20;-21). B. (19:20;-21).
C.(-19;20;21). D. (19;20; 21).

63.Choa+b+c #0.

Khoang cach tir gbc toa do O dén mit phing x + a + b + ¢ = 0 bang:

A la+b+¢|. .M.
a“£b"+e¢”
C Na® +b*+c” D la+b+cl

lat+b+cl .\/a2+b2+02'
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Trong méi ya), b), c), d) ocdu 64, 65, 66, chon phwong an: diing (D) hodc sai (S).

64.

66.

67.

.Chohaimz,'ttphﬁng(P‘):x+4y~22+2:O, @,):— 2y +z+3=0.

F—1_ % ) +11, Goi (P) 1a mit phiing

Cho diém I(1 ; 2 ; 3) va duong thing A

di qua  va vuéng goc véi duong thing A.

a) Néu # la mot vecto chi phuong ciia duong thing A thi # 1a
vecto phap tuyén cua mét phang (P).

b) Vectocotoa dd (2; 1;— 1) lamdt vecto chi phuong cua duong Pl s
thing A.

¢) Vecto ¢6 toa d (2 ; 1; 1) 1a mét vecto phap tuyén ctia mit Pl S
phang (P).

d) Phuong trinh mit phing (P) la: 2x +y +z-9=0. b | s

a) Vecto 74 = (1; 4; — 2) lamot vecto phap tuyén cua mat phing

@®). b | S
b) Vecto 7, = (2:1:1) 1a mot vecto phap tuyén ciia mit phing
®,). - b | S
c) Aﬁ, .7, =0 VOi 7, 7, lan luot la vecto phap tuyén cta mat pls
phang (P)). (P,).
d) Hai mat phang (P)) va (P,) vudng goc v6i nhau. b | S
Cho hai diém 4(0;2:0) vaB(2:—4:0).
a) Trung diém / cua doan thing 4B c6 toa dd 1a (1;—1;0). b
b) 4B = 40. b
¢) Miit cAu (S) tam A va di qua B c6 bén kinh R = /10 . b s
d) Phuong trinh mit cau (S) tam 4 va di qua B la: p| S

(x—12+@+22+2=10.
Cho bdn diém 405 1;1), B(=1;0;3),C(0;0;2)vaD(l;1;-2).
a) Tim toa do cua cac vecto E, ATC, [E, E]
b) Lap phuong trinh tham sé ctia cac dudng thing 4B va AC.
¢) Lap phuong trinh téng quét ciia mit phing (ABC).
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d) Chimg minh rang bén diém A, B, C, D khéng dong phing.
¢) Tinh khoang cach tir diém D dén mat phang (4BC).
68. Lap phuong trinh tong quat cia mat phing (P) trong mdi truong hop sau:
a) (P) di qua diém M(6 ; — 7 ; 10) va co mdt vecto phap tuyénla 77 = (1: — 2 ; 1):
b) (P) di qua diém N(—3 ; 8 ; — 4) va c6 mét cap vecto chi phuong la
i=03;-2:-1),v=(1;4;-5)
¢) (P) di qua diém I(1 ; — 4 ; 0) va song song véi mat phing (Q):
Sx+6y—Tz—8=0;

d) (P) di qua diém K(0 ; — 3 ; 4) va vudng goc voi duong thing
it 82— 7
T — 140 3 TN

69. Lap phuong trinh clia mat cau (S) trong mdi truong hop sau:
a) (S) co tam /(2 ; 3 ; 8) ban kinh R = 100;
b) (S) co tam (3 ; — 4 ; 0) va di qua diém M(2; -3 ; 1);
¢) (S) co duwong kinh 1a ABv614(-1:0;4)vaB(1:0;2).

70. Xéc dinh vi tri twong ddi ctia hai duong thing A, va A, trong mai truong hop sau:

a)Al:x+2=y__l=ﬂvéA":x+1=y_—3=z—7_’
S W -271 V-1 -3 34
by s BEL TN 748 W 5B _GHD LS,
-2 5 —4 - 7 5 g
y A FE3_YH6_ TNgga, KT g8 ZH16
3 2 2 2 _3 )

71. Tinh goc gitra hai duong thing A vaA, (lamtron két qua dén hang don vi cia do),

x=8+24 x==T+1
biét Ay =9—1, vaAy:iy=—9+2t, (¢1,1athamsd).
z=10+¢ z=11-t,

72. Tinh goc gitta duong thing A va mat phing (P) (lam tron két qua dén hang don vi

x=—=1-5¢t
ctia do), biét A:dy=4—4¢ (tlatham sd)va (P): 3x + 4y + 5z + 60 = 0.
z=—1+3t
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73. Tinh goc gitta hai mét phing (P)) va (P,) (lam tron két qua dén hang don vi), biét
(P 5x+12y 13z~ 14=0va (P,): 13x— 5y — 122+ 7 =0.

x=1+44 x=—4+3t,
74. Cho hai duong thing A, :{y=9+14 va A,:{y=1-18t, (1, 1, 1a tham s6).
z=1-64 z==5-1,

Chimg minh ring ALA,

75. M6t nguén am phat ra song am la song cau (mit dau song la mat cau). Khi gin
trén hé truc toa do Oxyz véi don vi trén mdi truc la mét, vi tri nguén am c¢o toa do
(23 1), cudong do dm chuan pht ra c6 ban kinh 10 m.

a) Lap phuong trinh mit cdu mé ta ranh giéi nhan dugc cuong do am chuan.

b) Tai mét vi tri c6 toa do (5 ; 0 ; 2) c6 nhan dugc cuong do am chuén tir ngudn
am trén hay khong?

> L3I GIAI - HUGNG DAN - DAP SO
§1 PHUONG TRINH MAT PHANG
LC 2C 3D 4B 5A 6C 1D
8. a)D,b)S, )8, ) D.

9. Taco: (—3)-3.0-4.1+1=-6%0nén/khong thujc (P).
Vecto 7i=(1; — 3 ; 4) khéng la mét vecto phap tuyén ctia mat phing (P).

Vi (P)// (Q)yma 7i=(1; — 3 ; 4) khong la mét vecto phap tuyén ctia mat phing
(P), tire 1a gia cua 7 khong vudng goc voi (P) nén gia cua 7 khong vudng goc
v6i (Q), hay 7= (1 ; — 3 ; 4) khong la mét vecto phap tuyén cua mit phang (Q).

Taco: m=(1;—3;—4) lamdt vecto phap tuyén cua (P). Vi (R) // (P) nén i
ciing 1a vecto phap tuyén ctia mit phing (R). Phuong trinh mat phang (R) la:

1.(x+3)-3.-0)-4.(z-1)=0x-3y—4z+7=0.
Dap én: a) D, b) S, ¢) S, ) S.
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10. a) Phuong trinh ciia mat phing (P) la:
3.(6-2)-4.(-1)+5.C+4)=0=3x—4y+52+18=0.
b) Ta co: [a, l;]=(— 73 6) lamét vecto phap tuyén cta (P). Phuong trinh ctia
PlaE7.x-5+3.¢+2)+6.z-1)=0-Tx+3y+6z+35=0.
¢)Taco: AB=(2: -8, —3), AC=(1:-7:-8).
Khi do, ﬁ=y|:ﬁ, E]=(43 .13 ; — 6) la vecto phap tuyén cta mat phing (P).
Vay mat phang (P) c6 phuong trinh la:
3. x-0+13.(0-3)-6.c-7=0=4x+13y—-62+3=0.

11. Phuong trinh mat phing do la: §+%+;l:1@ 63x+45y+352-315=0.

12. Ta c6: BC =(=1;—1;2) la mét vecto phap tuyén cta (P). Vay phuong trinh
(P) la:
). x-3)-1.0+H+2.z-2)=0—-x—y+2z-5=0.

13. Vi (P)// (Q)nén 7i=(3; — 2 ; 4) lamét vecto phap tuyén cua (P). Vay phuong
trinh (P) la:
3.6-49-2.(0+3)+4.z-7)=03x-2y+4z-46=0.

14. Taco: iy =(1:-1:;0), i, =(0:1:1) lan luot 1a vecto phap tuyén cua cac mat
phing (Q), (R) va [#y. iy ] =(=1:=1:1).
Vi (P) vuéng géc voi hai mdt phang (Q), (R) nén vecto phap tuyén cia (P) vudng
gbc voica 7 va 7ip. Suyra [ﬁl, ﬁz] 1a mot vecto phép tuyén cia (P).
Viy phuong trinh (P) la:

D.x-D-1.¢p+2)+1.z-49=0-x-y+z-5=0.

15. Khoang cach tr M(x, 5y, : Z,) dén cac mat phangx—a=0,y—b=0,z—c=01lan

luot b?mg ‘xo —al, |yo —b|, ‘ZO —c|.

>

16.a) Taco i =(1: 2 —3), 7y =(—4:—8:12) lan luot 1 vecto phap tuyén ciia
cic mit phing (P), (P,). Do iy =— 4iiy, 3# (- 4). Snén (P) // (P,).
b) Chon diém My 3 103 O) € (Py). Suy ra khoang cach tir diém M, dén mat
phang (P)) bang:

8
—+5
-+ 2314
dM. (P)= = T
\/1 +2°4(—3)
Vay khoang céch gitra hai mat phiang P), (P) bing 235 L .
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17. Dat SA = a, SB = b, SC = ¢ (a, b, ¢ > 0). Vi cac duong thfmg SA, SB, SC d61 mot
vuéng goc nén co thé gin hé truc toa do Oxyz thoa man S(0 ; 0 ; 0), A(a; 0 ; 0),
B0 ; 530),.C(0:03;0)

3 L o, P, 2 X, ¥y, 2
Phuong trinh mat phang (4BC) la: —+=+=-=1& —+—+=—=1=0.
a b ¢ a b ¢
Khoang cach tir diém S dén mat phang (4BC) la:

9+9+9_1‘

SH = a b ¢ _ 1

T BT

e ——
SH? a® b* P* s4® SsB? sc?

Suy ra

18. Phuong trinh mit phing (4BC) la: §+ §+ 5 =
Ta co: %+%+ % #1, suyra diém D(1 ; 2 ; 3) khong thuéc mat phing (4BC).
Viay 4, B, C, D khong dong phing.

19. Xét hé truc toa do Oxyz thoa man A(0 ; 0 ; 0) trung . )
gbc O, B(2a ;0 ; 0), D0 ; 3a; 0), A0 ;0 ; 4a) A 2
(Hinh 7). i
Ta c6: M(a ; 0 ;0), NO ; 2a ; 0), P(0 ; 0 ; 3a),
C’'(2a; 3a; 4a).

Phuong trinh mét phang (MNP) la:

LD AL PR AL )
a 2a 3a a 2a 3a %

) . Hinh 7
Khoang cach tir diém C” dén mit phang (MNP) bang:
2a 3a  4a
B |
23a

a 2a 3a

CEOEO

20. a) Ta co: E:(a;O;O) va E:E, suy ra E:(a;O;O).
MaD@O:b:0)nénC(a; b;0).
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ViB(a:0:0),C(a; b 0)nén trung diém M ctia BC c6 toa do la (a B % ) 0).

ViS(0:0:c),C(a;b;0),D0;b;0)nén trong tam G cia tam giac SCD co toa

d@la(f;é;f).
37378

b) Phuong trinh mat phang (SBD) la: Z+2+Z=1 = 242412 1=0.
a b ¢ a b ¢

¢) Khoang cach tir diém G dén mit phing (SBD) la:

£ % ¢

l+i+;_]

a b ¢ _ abe
L+i+i 3\/a2b2+b202+02a2
a2 b2 2

21. Phuong trinh mit phang chira mit du6i cia mai nha la: z — 33 = 0. Khoang cach
|35-33]

V0% +0% +1%

tir diém D dén mit phang chira mat dudi cia mai nha bang; =2.

Vay do day cua mai nha do 1a 2 dm.

§2 PHUONG TRINH PUONG THANG
22.C. 23.D. 24.C. 25.D. 26.B. 27.A. 28.D. 29.B. 30.D.

31.Ta ¢6: #=(2:3:6) la mdt vecto chi phuong cia duong thing A
ji=(1;—2:—2) lamot vecto phap tuyén ctia mat phing (P).
i .7 [2.143.(-2)+6 . (- 2) _16

sing=+——-~"= =—
i) . |7 \/22+32+62 _J12+(_ 2% +(- 22 21

Suyra o~ 50°.
Dap s6:2) S, b) S, ¢) D, d) D.
32. Ta co: 7 =(2;—3:—6) la mot vecto phap tuyén cia mat phing )
iy =(2: 2 ;1) la mdt vecto phap tuyén ctia mat phing &)-
| [2.2+(=3).2+(=6) .| 8

cosq=1—"*l= =D
Fal -1l 22+ =32+ 6)? N2+22412 21

Suyra o ~ 68°.

Dap én: a) D, b) S, ) D, d) S.
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33.

34.

a) ViM thuoc Anén M(2 -3t 4 +1;5-2f)(t e R).
Tac6:2-3t=5,suyrat=—1.Dodo4+t=4+(-1)=3,5-2t=5-2.(-1)="7.
VayM(5:3; 7).
8=2-3¢
b) Xét hé phuong trinh {2=4+1 <t=-2. Suyraténtai 6 thuc ¢ thoa man hé
9=5-2t
phuong trinh do. Vay diém N(8 ; 2 ; 9) thuéc duong thing A.

—-1=2-3¢ t=1
¢) Xéthé phuongtrinh {5=4+¢ < {t=1. Suyrakhong ton tai s thuc ¢ thoa
4=5-2t 1
==
2
mén hé phuong trinh d6. Vay diém P(— 1 ; 5 ; 4) khong thudc duong thing A.
Do #=(—3:;1;-2) la mét vecto chi phwong cia A va A / A’ nén
i =(—3;1;—2) cling lamdt vecto chi phwong cua A’.
r==1=-3
Phuong trinh tham s6 ctia duong thing A’ la: {y=5+¢ (¢’ 1a tham sd).
z=4-2¢
d) Vi I thuoc Anén /(2 —3a ;4 + a5 —2a) (a € R). Ma I thuoe (P) nén
2-3a)-(@4+a)+(5-2a)+9=0a=2.Vayl(-4;6;1).

a) Phuong trinh tham s6 va phuong trinh chinh tic cia A lan luot la:
x=2-2t
y=—5+3¢ (tlatham s), F= 2=y_+5=i_
i 3 4
z=T+4t

b) Tacé: MN =(3: 5 — 1) lamot vecto chi phuong cta A. Suy ra phuong trinh
tham s6 va phuong trinh chinh tic ctia A ln luot la:
x=—1+3t
y=>5t (¢ 1a tham s6), x—“ %=“_14.
z=4-t

¢) Vecto 7i=(2;—5;6) la mt vecto phap tuyén cia mit phing (P) ma
AL (P)nén 7i=(2 ;-5 6) lamét vecto chi phuong ctia duong thing A. Suy ra
phuong trinh tham s6 va phuong trinh chinh tic cia A lan luot 1a:
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x=3+2t
y=2-5t (t1athamsd), 23 _y-2 2+l
2 - 6
z=—1+6t
35. a) Puong thing A, diqua diéli(—7; 1;-2)vaco iy =(5;-7;—2) lavecto

chi phuong.
Dudng thing A, di qua diém M,(—5:—10:3)vac6 iiy =(=3:— 4 7) la vecto
chi phuong.
Ta co: %;ﬁ _—4, suyra i), i, khong cing phuong;

M =(2;-11;5),
o =7 =2 -2 5 8 -7
[@. dy]=| | : :

4 7 7 -3 |-3 -4
Do [171, 172]4M1M2 =(=57).24(=29) . (= 1)+ (—41).5=0 nén iy, i,
MM, dong phing. Vay A va A, céit nhau.
b) Puong thing A, diqua diéli(— 2:1:0)vaco i =(5:—1:3) lavecto chi
phuong.
Dudng thang A, di qua diém M,(=2:1: 1) vacd iiy =(4:5; — 6) la vecto chi
phuong.

D=(— 57,-29;—-41).

Ta co: %;& _?1, suyra i, i, khong cung phuong;
MM;=(0:0;1),
Pl ] =l 3 35 5] |5
Uy, Uy | = 3§ 3
PRIT s —67 -6 4|4
Do [y, iiy] . MM, =(=9).0+42.0429.1=29#0 nén uj, iy, MM,
khéng dong phing.
Vay Ay A, chéo nhau.
¢) Pudng thang A, diqua diéli(O ;—5;51)vaco i =3 ;2 ; —3) lavecto chi
phuong.
Dutng thing A, di qua diém M(1:3: 1) vacd ily =(= 6; — 4 6) la vecto chi
phuong.

-1
5‘]:(—9,4129)‘

Ta co: — 2uiy =1i5, suyra i, iy cung phuong;
W:(l ;8;0) va %#% nén i, W khong cling phuong.
Vay A // A,
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36. a) Hai duong thing A, va A, c6 vecto chi phuong lan luot 1a i =(2:1:0),
ip=01;-1;2).
2.1+1.(-D+0.2] B30

Ta co: cos(A}, Ay)= = .
Rt 40 PP B0

Suyra (A, A) = 79°
b) Hai duong thing A, va A, c6 vecto chi phuong lan luot 1a h=>1;-2;-2),
ih=(2:;2;-1.

[.24(=2).2+(=2). (-1 0,

Ta co: cos(Ay, Ay)= =
2422+ (= 2% 22422+ (- 12

Suyra (A, A,)=90°

¢) Hai duong thing A, va A, ¢6 vecto chi phuong lan lwot la ) =(—1;2; - 3),
lip=(2;-1;-1).

[=D.2+2. (= D+(=3). (- | 21

Ta co: cos(Ay, Ay)= \/(_ 1)2 +22 == 3)2 . \/22 v 1)2 A\ 1)2 =

Suyra (A, A) ~ 84°
37. a) Puong thang A ¢6 mét vecto chi phuong la i = (— V3 : 0 1) vamit phing (P)
¢6 mot vecto phap tuyén 1a 7i= (1 - — 1.
l=V3) 140 B+ 54y
Je BP0 2 P e B 10
Suyra (A, (P))~38°.
b) Buong théng A c6 mot vecto chi phuong la 17 =(2 ; — 3 ; 3) vamat phéng (03]
c6 mot vecto phap tuyén la i=(3;—4:5).
[2.3+4(=3). (- 9+3 5] =£
2P+ aP 43, [P (= aPes? 10 '
Suyra (A, (P)) ~84°.

Ta co: sin(A, (P))=

Ta co: sin(A, (P))=

38. Hai mat phang (P,). (P,) c6 vecto phdp tuyén lan luot la 7 =(5:12: - 13),
n=03:4;5).
[5.3+12.4+(-13). 9| 1

V2122 4(-13)% 32442452 65

Ta co: cos((R), (P))=

Suy ra ((R). (Py) = 89°.
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39.

Goc gitra hai mat phzing do biﬂg 45°.

40*. Hai duong thing vudng goc voi nhau khi hai vecto chi phuong vuéng goc voi

nhau.Suyra(—3).5+4.3+m.2:0c>m:%.

§3 PHUONG TRINH MAT CAU

41.

50

51.

52.

78

D. 2B 43 A 44.C. 45A 46.C. 47.B. 48.D. 49.A

.2) D, b) S, ¢) P, d) .

a) Tam /(0 ; —4 ;- 5), bankinh R =7.

b) I4 =7 = R nén A thudc mit cu.

¢)IB= V17 <Rnén B nim trong mat cau.
d) IC = \/98 >R nén C nim ngoai mit cau.

e)Taco: IC= (7:7:0),chonii = %E =(1:1; 0) lamot vecto chi phuong clia
x=t

duong thing /C. Suy ra phuong trinh tham s6 ctia duong thang ICla:  y = — 4+1¢
z=~5

) Toa do giao diém cua dwong thing IC va mit cau (S) twong tng v6i tham s6 ¢

49 72 — B
—

r*(—4+[+4)+(—5+5)‘*49©t’=7©t £ hodc ¢ =

M) (T )

——5
2

thoa man:

Vay ]\/I[

2) (=37 +(y+ 47 + -5 =81
b) (v + 4 + (=67 + 2~ 77 =9.
&) %+ (= 1)+ (z+3 =9.

. a) Phuong trinh mit cau (S) la: x* +)* + 22 = 4.

b) Phuong trinh duong thing 4B la: ( 1a tham s6).
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Toa d6 giao diém cua duong thing 4B va mit cau (S) twong img voi tham s6 7 thoa
min: 12+ﬁ+(_1+t)2:4©t:71+2\/§ 71_2‘/3.

(11558 2196) o 128, 216)

2 Yoy 2

hodc t =
Vay C

54. a) Phuong trinh mit cau can tim la:
(x—300)* + (¥ — 200)* + (z — 1)*> = 100>,
b) Khoang cach tir vi tri c6 toa do (350 ; 245 ; 1) dén tam bio la:
d = /(350 —300)? + (245 - 200)* + (1—-1)> = /4 525 <100.
Vay vi tri co toa d6 (350 ; 245 ; 1) bi anh hudng bai con bao.

BAI TAP CUOI CHUONG V
55.B. 56.A. 57.C. 38.D. 59.A. 60.D. 61.B. 62.A. 63.A.
64.2)P,b)D.c)S. d) S.
65.2)D.b) S, c) D, d) b.
66.2)D.b)S,c) S, d)S.

67.0)Taco: AB=(=1;-1:2), AC=(0;—-1;1), [4B. AC]=q:1:1).
x=—1
b) Phuong trinh tham s6 ctia duong thang 4B 1a: {y =1-1 (1, 1a tham s6).
z=1+24
x=0
Phuong trinh tham s6 ciia dudng thing AC la: §y =1—1, (1, 1a tham s6).
z=1+t,
¢) Phuong trinh mét phing (ABC) la: x +y +z—2=0.
d)Taco: 1+1-2-2#0. Suy ratoa do cua diém D(1 ; 1; — 2) khong thoa man
phuong trinh x + y +z — 2 = 0. Vay D khong thudc mat phang (ABC) hay A4, B,
C, D khéng dong phang.
h+1-2-2 23

Vs +2 3

¢) Khoang cach tir diém D dén mit phing (4BC) la:
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68.a)x—2y+z-30=0.
b)x+y+z-1=0.
¢)Sx+6y—7z+19=0.
d)—x+3y+2z+1=0.

69.a) (x +2)° + (v —3)> + (z— 8)>= 10 000.
b)(x =3+ +4y>+2=3.
)X +)y*+(z-3P=2.

70.2) A // A, b) A, A, ciit nhau. ¢) A. A, chéo nhau.
71 (A, Ay) = 76°.

72. (A, (P)) ~ 19°.

73. (R), () ~ 62°.

74. Hai duong thang A, A, 6 vecto chi phuong lan Iwot la: i, = (4:1:—6) va
i, =(3;—18; —1). Tacé:
U i =4.3+1.(=18)+(=6).(=1)=0.
SuyraA LA,
75. a) (x—2)* + (¥ —3)* + (z— 1)* = 100.
b) Khoang cach tir vi tri co toa d6 (5 0 ; 2) dén ngufmém la:
d=\J5-27+(0-3>+@-1)> =19 <10.

Vay tai vi tri ¢6 toa d6 (5:0: 2) co thé nhan dwoc cuong do am chuén tir
ngudn am.

80

Ban in thor



MOT SO YEU TO XAC SUAT

§1 ' XAcC SUAT c6 PIEU KIEN

A. KIEN THUC CAN NHG
Trong muc nay, ta luén gia thiét phép thir 7 ¢ khong gian méu la tap hop Q gom hitu
han phan tir va cc Kkét qua ctia phép thir la dong kha nang, cac bién ¢b déu lién quan
dén phép thir do.
1. Pinh nghia
Cho hai bién ¢b A va B. Xac suit ctia bién ¢d A voi diéu kién bién ¢d B da xay ra dugc
20i la xdc sudt ciia A voi diéu kién B, ki hiéu 1a P(4 | B).
Néu P(B) >0 thi P(4 | B)=w.
P(B)
2. Nhiin xét
¢ Tur dinh nghia cua xac suit c6 diéu kién, ta suy ra:
NéuP(B)>0thi P(4~B)=P(B).P(AIB).
* Nguoi ta chimg minh duoc ring:
Néu 4, B la hai bién 6 bt ki thi
P(AnB)=P(4).PBI4)=P(B).P(AIB).

Cong thirc trén dwoc goi la cong thire nhdn xdc sudt.
* Cho hai bién ¢ A va B vdi P(B) > 0. Khi do, ta co:

P(41B)= ndnb)

n(B)

* Cho 4 va B la hai bién ¢6 voi 0 < P(4) < 1, 0 < P(B) < 1. Khi d6, 4 va B 1a hai bién
6 doc lap khi va chi khi

P(4)=P(41B)=P(A1B) va P(B) = P(B| A) = P(B| A).
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B. ViDUy
Vin dé 1. Tinh xac suiit c6 diéu kién

@ Cho hai bién ¢6 A, B ¢6 P(4) = 0,5; P(B) = 0,8; P(4 A B) = 0,4. Tinh céc
xac suat sau: P(4 | B), P(B | 4).

Gidi

Taco: P(41B)=

PAnB) _0.4 =0,5; P(BlA):M: 0.4 =0,8.
P(B) 0,8 P(4) 0,5
Trong m6~iy a), b), ¢), d) 6 Vidu 2, 3, chon phuong dn: diing (D) hodc sai (S).

Vidu 2 7Cho hai xtc xdc can dbi va dong chét. Gieo lan luot timg xic xic trong
hai xuc xic do.
Xét cac bién co:
A: “Tong s6 cham trén hai xuc xic bang 57;

B: “Xuc xic thir nhat xuat hién mit 2 chdm™.

a) Xac suat dé tong s6 chdm xuét hién trén hai xuc xdc bing 5, biét

réng xuc xdc thir nhat xuét hién mit 2 chdm, 1a x4c sut c6 didu kién ) S
PA | B). )
b) P(AnB)=-—.
) P(ANB) 6 b | S
¢) P(B) = 1,
7 6 2 2 7 7 . 2 s 7 D S
d) Xac suat dé tong so cham xuat hién trén hai xuc xidc bang 5, biét
rang xtic xac thir nhat xuat hién mét 2 chim, la é pls
Giai

Khéng gian mau co s6 phan tir 1a 36.

Xc sudt dé tong s6 chim xuét hién trén hai xiic xic bang 3, biét ring xuc xdc thir nhit
xudt hién mat 2 chim, 1a xac suét c6 didu kién P | B). Bién c64 A B chico 1két qua
thudn loi 1a xic xdc thir nhat xuét hién mét 2 chdm va xtc xéc thir hai xuét hién mat

3chdmnén P(4B) = %_ C6 6 kha ning xay ra khi xtic xic thir nhat xuat hién mit

2 chém nén P(B)=£=l. Suy ra
36 6 1
FraEy -t 2§ 1
pB) 1 6
6

Dap 4n: 2) D, b) S, ) D, d) D.
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Vi du 3 ] Cho hai dong xu can dbi va dong chét. Tung ldn Iuot timg dong xu trong
hai dong xu do.
Xét cic bién ¢
A: “Pdng xu thir hai xuit hién mat sip (S)™;
B: “Ddng xu thir nhat xuat hién mat ngira (N)”.

a) Xac suit dé dong xu thur hai xuét hién mit S, biét ring dong xu thir p | s
nhét xuat hién mat N, 1a xdc sut c6 diéu kién P 1B).
b) P(AnB)= % b | S
1
) RBY= - D | S
d) Xac suit dé dong xu thir hai xuat hién mat S, biét rang dong xu thi
. . 1 b S
nhat xuat hién mat N, la >

Giai

Khéng gian mau c6 s6 phan tir 1a 4.

Xac suét dé déng xu thtt hai xuét hién mat S, biét réng d@)ng xu thir nhét xuat hién

mit N, 1a x4c suét co diéu kién PA | B). Bién ¢6 A ~ B chi co 1 két qua thuan loi la

dong xu thir nhat xudt hién mét N, dong xu thir hai xuat hién mat S nén P(A ~ B) = % .

C6 2 kha nang xay ra khi dong xu thi nhit xuit hién mat N nén P(B) = % = % Suy ra
1

P(AnB) _

P(A1B)=—22) o

31
P(B) 1 2
2

Dép én: a) D, b) D, ¢) S, d) D.

Vidu4 } M6t nhom hoc sinh tham gia mét ki thi Olympic Tin hoc cta truong,
trong do ¢6 5 hoc sinh 16p 12A. Sau khi chim diém, c6 3 hoc sinh I6p 12A dat giai.
Chon ngéu nhién 1 hoc sinh trong nhém hoc sinh trén. Tinh xac suit chon duoc hoc
sinh dat giai, biét ring hoc sinh d6 thude 1op 12A.

Giai

Xét céc bién cb:

A: “Chon duoc hoc sinh dat giai™;

B: “Chon dugc hoc sinh thude 16p 12A”.
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Khi do, xac suit chon dugc hoc sinh dat giai, biét rang hoc sinh do thudc lop 12A, la
xéc sudt cia 4 véi didu kién B.
Taco: n(B)=35,nAnB)=3.Suyra P(41B) = w = 3

n(B) 5

Vay xdc suit chon dwoc hoc sinh dat gidi, biét ring hoc sinh do thude 16p 12A, 1a %

Vidu 5 7 Mot hop ¢6 3 qua bong mau xanh, 4 qua bong mau do; ciac qua bong co
kich thuéc va khéi lugng nhu nhau. Liy bong ngau nhién hai lan lién tiép, trong do
mbi lan liy ngiu nhién mét qua bong trong hép, ghi lai mau cua qua bong lay ra va
b6 lai qua bong do vao hop. Xét cac bién cb:

A: “Qua bong mau xanh duoc lay ra ¢ lan thir nhat™

B: “Qua bong mau do duoc liy ra ¢ 1an thir hai”.

a) Tinh cac xéc sut P(4), P4 | B), P(4 | B), P(B), P(B | 4), P(B | 4).

b) Chimg minh ring 4, B 14 hai bién ¢ doc lap.

Gidi

a) Khong gian mau c6 s6 phan tir 1a 49.
* M6t két qua thuan loi cho bién c6 4 1a mét cach chon qua bong mau xanh & lan tha
nhét (c6 3 kha ning) va chon qua bong tuy y & lan thw hai (c6 7 kha nang). Do do
n(d)=3.7=21,suyra n(4A) =49 —n(4) =49 —21=28.
Tuong tu, ta co: n(B) =7 . 4=28, n(B) =49 —28=21.
o Mot két qua thuén loi cho bién ¢ A A B 1a mot cach chon qua bong mau xanh
§ 1an tht nhit (c6 3 kha ning) va chon qua bong mau do & 1an thir hai (c6 4 kha
nang). Vi vay n(4 n B) =3 . 4 = 12. Tuong tw, ta c6: n(AnB) =3.3=9,
nBnA)=4.4=16.

Toes: Py = e -2 3. peg gy DR 123
nQ) 49 7 nB) 28 7

pAIBy="U0B) O 3. pg 1B _28_4.
nB) 21 7 nQ 9 7

¥ Lay="E0A 1 A, oy sB0A) 163
n(4) 21 7 n(4) 28 7

b) Vi P(4) = P(4 1 B) = P(4 | E)=% va P(B)=P(B1A)=P(B|d)=" nénA,B

1a hai bién ¢b doc lap.

ESRIES
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Vin dé 2. Tinh xac suét c6 diéu Kkién bang so' d6 hinh ciy

Vidu 6 } Mot hop ¢6 12 qua bong ban mau tring va 10 qua bong ban mau vang; cic
qua bong c6 kich thude va khdi luong nhu nhau. Co 10 qua bong ban trong hop duge
danh sb, trong do co 4 qua bong ban mau tring va 6 qua bong ban mau vang. Lay
ngiu nhién mét qua bong ban trong hop. Ding so d hinh cay, tinh xac sudt d&& qua
bong ban duge liy ra c6 mau tring, biét ring qua bong ban dé dugc danh s6.
Giai
Xét cac bién ¢
A: “Qua bong ban liy ra c6 mau tring”;
B: “Qua bong ban 1y ra ¢6 dénh 6.
Khi do, xac sudt dé qua bong ban duoc ldy ra c6 mau tring, biét ring qua bong ban do
duge danh sé, 1a xac sudt c6 diéu kién P(4 | B).
So dd hinh cay biéu thi cach tinh xéc suét c6 didu kién P(4 | B) dugc vé& nhu sau:

Bong ban duoc ldy ra

B: “Bong ban lzfiy ra
duge danh 6™

P(B)= g0 12

B: “Bong ban léily ra
khong danh s6”

2 Ny _
P4I1B)=— P(AIB)=—= P(AI1B)==
(41B) s ( ) 3 ( ) =
A: “Bong 4 :“Béng A: “Bong A:“Béng
ban lay ra c6 ban Idy ra c6 ban lay ra co ban ldy ra co
mau trang” mau vang” mau trang” mau vang”

Vay xéc suat dé qua bong ban dugc lay ra co mau tring, biét ring qua bong do dugc
Lo ko1 2
danh s0, 1a ra

Vin dé 3. Ung dung

Vi du 7 ] Mot doanh nghiép truée khi xuat khau do so mi trong 16 hang S phai qua
hai lan kiém tra chét lugng san phim, néu ca hai lin déu dat thi chiéc 4o trong 16 hang
d6 méi du tiéu chuan xudt khau. Biét rang binh quan 98% san phiam lam ra qua duoc
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lan kiém tra thir nhat va 95% san pham qua duoc lan kiém tra thir nhat sé tiép tuc qua
dugc lan kiém tra thir hai. Chon ra ngau nhién mét chiéc o so mi trong 16 hang S.
Tinh xac suat dé mot chiée a0 so mi di tiéu chuin xuit khau.

Giai

Xét cac bién cb:

A: “Chiéc 4o so mi qua dugc lan kiém tra thir nhat”;

B: “Chiéc 40 so mi qua duoc 1an kiém tra thtr hai™;

C: “Chiéc a0 so mi di tiéu chuén xudt khau”.

Khi do, xac suat dé chiéc 4o so mi qua dugc lan kiém tra thir hai, biét ring di qua
duoc lan kiém tra thir nhat, la xac suat c6 diéu kién P(B 1 4) va P(C) =P(B n A).

Ta co: P(B14)=0,95; P(4) =0.,98.

Suy ra P(C) =P(B N A)=P).P(B14)=0,98.0,95=0,931.

Vay xac suat dé mot chiée 40 so mi di tiéu chuin xuit khau 1a 0,931.

Vidu8 IM(f)t 16 sén pham c6 25 san pham, trong do co 8 san pham chit luong thip.
Lay lién tiép 2 san phim trong 16 san pham trén, trong do san pham lay ra & lan tha
nhat khong dugc bo lai vao 16 san pham. Tinh xac suit dé ca hai san pham dugc lay
ra déu co chit lugng thap.

Giai
Xét cac bién co:
A: “Lan thtr nht 4y ra san pham chét luong thap™;
B: “Lan thw hai liy ra san pham chat lugng thip™;
C: “Ca hai lan déu lay ra san pham chét luong thip”.
Khi do, xac suat dé 1an thw hai 14y ra san phiam chét luong thap, biét lan thir nhét lay
ra san pham chét luong thép, 1a xac suat co didu kién P(B | A) va P(C) = P(B N A).
8 7
Taco: P(4)=—; P(Bl1A)=—.
“ 25 ( ) 24
8 7 _7

25 24 75

Vay xdc sudt dé ca hai san phim duoc lay ra déu co chat lugng thap la %

Suyra P(C)=P(B nA)=P(4). P(B| A) =
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C.BAITAP
1. Néu hai bién ¢6 A, B thoa man P(B) = 0,6; P(4 n B) = 0,2 thi P(4 | B) bang:
3 2 1 4

. — B. —. C.—. D. —.
25 5 3 5

2. Néu hai bién ¢6 4, B thoa man P(B) = 0,3; P(4 | B) = 0,5 thi P(4 ~ B) bing:
A.08. B.0.2. C.0.6. D. 0.15.

Trong mgi)’/ a), b), ¢), d) 6 cdu 3, 4, chon phwong an: diing (D) hodc sai (S).

3. Lop 12A c6 40 hoc sinh. Trong mot budi kiém tra dinh ki, s6 hoc sinh cua lop
duoc chia thanh hai phong nhu sau:

Phong
1 2
Hoc sinh
Nam 11 8
Nir 9 12

Chon ngau nhién mét hoc sinh cia 16p 12A.
Xét cac bién cb:

A: “Hoc sinh duge chon & phong 27,

B: “Hoc sinh dugc chon 1a hoc sinh nit”.

a) Bién ¢6 hoc sinh dugc chon 1a hoc sinh nit & phong2lad nB. b S
b)PANB) # % b | S
21
c)P(B)= —.
) P(B) 10 D | S
d)PAIB)= g b | S

4. Mot doanh nghiép trude khi xuit khiu mii thoi trang trong 16 hang X phai qua
hai 1an kiém tra chat luong san phém, néu ca hai lan déu dat thi chiéc mii trong 16
hang d6 méi di tiéu chuan xuat khau. Biét ring binh quin 96% san pham lam ra
qua dugce lan kiém tra tha nhat va 91% san phim qua duoc lan kiém tra thi nhat
s€ tiép tuc qua dwoc lan kiém tra thtr hai. Chon ra ngfm nhién mot chiéc mii thoi
trang trong 16 hang X
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Xét cac bién cb:
A: “Chiéc mii thoi trang chon ra qua duoc 1an kiém tra thtr nhat™;
B: “Chiéc mii thoi trang chon ra qua duoc lan kiém tra tht hai”.

a) Xac sudt dé chiéc mii thoi trang qua duge lan kiém tra th hai,
biét r?mg da qua duge l4n kiém tra tht nhét, 1a xdc suét c6 diéu b S
kién P(B 1 4).
b) Xéc suit dé mot chiéc mii thoi trang du tiéu chuan xuat khaula | D | S
P(B N 4).

c)P(B14)>0091.
d) Xc suat dé mot chiée mil thoi trang du tiéu chudn xudt khau 1a pl|Ss
0,8736.

5. Trong mét dot thi chimg chi hanh nghé c6 160 can b tham gia, trong do co
84 nam va 76 nit. Khi cong bd két qua cua ki kiém tra do, c6 59 can bo dat loai
8101, trong do c6 30 can bo nam va 29 can bo nir. Chon ra ngéu nhién mot can bo.
Tinh x4c suit dé can b duoc chon ra dat loai gioi, biét r.':ing can bd do la nit (lam
tron két qua dén hang phan trim).

6. Mot hop dung 5 qua bong mau vang va 3 qua bong mau tréing, cac qua bong co
kich thudc va khéi lwong nhur nhau. Liy ngiu nhién lan thir nhit mét qua bong
(khéng hoan lai), roi lan thw hai 1dy mot qua bong khéac. Tinh xdc suat dé lan thir
nhiét lay dugc qua bong mau vang, lan thir hai ldy dwgce qua bong mau tring.

7. Mot hop dung 24 chai nude giai khat c6 hinh dang va kich thude nhu nhau, trong
do ¢o 2 chai nude giai khat ghi giai thudng “Ban nhan dugce thém mét chai nuée
giai khat”. Chon ra ngiu nhién lan luot (khong hoan lai) hai chai nuéc trong hop.
Tinh xac suit dé ca hai chai déu ghi giai thuéng,

8. Mot cong ty co hai chi nhanh. San phim cua chi nhanh I chiém 54% tong san
pham cua cong ty. Trong qua trinh san xut phan loai, 6 75% san phiam cua
cong ty dat loai A, trong d6 ¢6 65% ctia chi nhanh I. Chon ngiu nhién mét san
pham ciia cong ty. Tinh xdc sudt san pham dugc chon dat loai A, biét ring san
pham dugce chon cuia chi nhanh I (lam tron két qua dén hang phan mudi).

9. Mot hop co 12 qua bong mau xanh, 7 qua bong mau do; cac qua bong co kich
thude va khdi lugng nhur nhau. Liy ngiu nhién lan luot hai qua bong trong hop,
lay khéng hoan lai. Ding so do hinh cay, tinh xac suat dé 1an th hai liy duoc qua
bong mau dé, biét ring 1an thir nhat da ldy duoc qua bong mau xanh.
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52  CONG THUC XAC SUAT TOAN PHAN.
CONG THUC BAYES

A. KIEN THUC CAN NHO

Trong muc nay, ta luon gia thiét phép thi 7' c6 khong gian méu la tap hop Q gbm hitu
han phan tir va céc két qua ctia phép thir 1a dong kha ning, cac bién ¢ déu lién quan
dén phép thir do.

1. Cong thirc xic suit toan phan
Cho hai bién ¢6 4, B v6i 0 < P(B) < 1, ta co:
P(4)=P(A~B)+P(ANB)=P(B).P(41B)+P(B).P(4|B).

2. Cong thirc Bayes

Vi hai bién ¢b 4, Bma P(4) >0, P(B) >0, taco: P(B| A) = P& .PAIB)

P(4)
Nhdn xét: Cho hai bién ¢b 4, B véi P(A) > 0,0 < P(B) < 1.
Do P(4)=P(B) . P(41B)+P(B). P(4B) nén cong thirc Bayes con c6 dang:
P(BIA)= &) TA15) i
P(B).P(A|B)+P(B).P(A|B)

B.ViDU

Vin dé 1. Tinh xic suit bing cach sit dung cong thite xic suit toan phian
Vidul 7 Mot cong ty thoi trang c6 hai chi nhanh cung san xuit mot loai 4o thoi

trang, trong do c6 56% do thoi trang ¢ chi nhanh I va 44% 4o thoi trang ¢ chi nhanh I1.

Tai chi nhanh I c6 75% 4o chét lugng cao va tai chi nhanh IT c6 68% &o chat luong

cao (kich thudc va hinh dang bé ngoai cia cac 4o la nhu nhau). Chon ngiu nhién 1 40

thoi trang. Xac suit chon duoc 40 chat luong cao la bao nhiéu?

Giai

Xét cac bién cb:

A: “Chon dugc 4o chit luong cao™;

B: “Chon dugc 40 & chi nhanh I”;

B : Chon duoe do & chi nhanh I1”.
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Twr gia thiét, ta co:
P(B)= 0,56, P(4 | B)= 0,75, P(B ) =0,44; P(4 | B)=0,68.
Theo cong thire xac sudt toan phan, ta co:
P(A)=P(B).P(4A1B)+P(B).P(4A1B) =0.56.0,75 + 0,44 . 0,68 = 0,7192.

Vay xac sut chon dugc 4o chat luong cao 12 0,7192.

Vidu 2 ZTai mot dia phuong co 500 ngudi cao tudi, bao gdm 260 nam va 240 nit.
Trong nhom ngudi cao tudi nam va nir 1an lugt c6 40% va 55% bi bénh tiéu duong,
Chon ngﬁu nhién mét nguoi. Xdac suit dé chon duoc mot nguoi khong bi bénh tiéu
duong la bao nhiéu?

Giai

Xét céc bién cb:

A: “Chon dugc nguoi khong bi bénh tiéu duong™;
B: “Chon dugc nguoi cao tudi 1a nam™;

~oo

B: “Chon duoc nguoi cao tudi 1a ni¥

Tir gi thiét, ta co: P(B) = % =0,52; PA1B)=1-0,4=06;
P(B)= % =0,48, P(A1B)=1-0,55=0,45.

Theo cong thire xac sudt toan phan, ta co:
P(4)=P(B).P(4IB)+P(B).P(41B) =0,52.0.6+0.48 . 0,45 = 0,528.
Viy xac sut dé chon duge mot nguoi khong bi bénh tiéu duong la 0,528.

Vidu 3 7 Co6 hai hop bong ban, cac qua bong ban co kich thude va hinh dang nhu
nhau. Hop thir nhat c6 3 qua bong ban mau tréing va 2 qua bong ban mau vang, Hop
thir hai c6 6 qua bong ban mau tring va 4 qua bong ban mau vang, Lay ngiu nhién
4 qua bong ban ¢ hp thi nhét bo vao hop thir hai roi lay ngau nhién 1 qua bong ban
& hop th hai ra. Tinh xac sudt dé ly dugc qua bong ban mau vang tir hop thir hai.
Giai
Vi hop thir nhét 6 3 qua bong ban mau tring va 2 qua bong ban mau vang nén khi
lay 4 qua bong ban & hop thw nhét thi c6 hai kha nang: kha nang thu nhét la liy dwoc
3 qua bong ban mau tring va 1 qua bong ban mau vang; kha nang thir hai la liy dugc
2 qua bong ban mau triing va 2 qua bong ban mau vang,
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Xét cac bién ¢

A: “Lay duge qua bong ban mau vang tir hop thi hai’;

B: “Lay duoc 4 qua bong ban ¢ hop thir nhat, trong do ¢6 1 qua bong ban mau vang™;

B: “Lay dugc 4 qua bong ban & hop thi nhit, trong do ¢6 2 qua bong ban mau vang”.

o Xét Icha naing thi nhdt: S6 cach 1y 4 qua bong ban tir hop the nhét la C2, ¢6 1 cich

lay 3 qua bong ban mau tring va 2 cach liy 1 qua bong ban mau vang, suy ra

PB) = lé—Az = % Vi khi d6 hop thir hai 6 9 qua bong ban mau tring va 5 qua bong
5

ban mau vang nén P(4 | B) = B

o X¢t kha nang thir hai: S6 cach liy 4 qua bong ban tir hop thir nhét la C, co C3
cach lay 2 qua bong ban mau tring va 1 cach liy 2 qua bong ban mau vang, suy ra
= _Ci.1

P(B)=—2
c

3 .
= 7 Vi khi do hop thir hai 6 8 qua bong ban mau trang va 6 qua bong

ban mau vang nén P(4 |B ) = %,

Theo cong thire xac suat toan phan, ta co:

P(4)=P(B).P(A41B)+P(B).P(41B) = r

2 3
5714

w | W
]
PORS]

I ISRE-N

Vay xéc suat dé liy duoc qua bong ban mau vang tir hop thur hai la =.

Vin dé 2. Tinh xic suiit bang cich sir dung céng thirc Bayes
Vidu 4 7 Co hai chiée hop, hop I chira 5 vién bi mau tréng va 5 vién bi mau den,
hop II chira 6 vién bi mau tréing va 4 vién bi mau den, cac vién bi c6 cing kich thudc
va khéi luong, Lay ngdu nhién mét vién bi tir hop I bo sang hop I1. Sau do liy ra ngiu
nhién mot vién bi tir hop I1.
a) Tinh xac suét dé vién bi dugc lay ra tir hop I1 1 vién bi mau tring,
b) Gia str vién bi duoc lay ra tir hop 11 1a vién bi mau tring. Tinh xac suat dé vién bi
mau tring do thude hop 1.
Gidi
a) Xét cac bién cb:
A: “Lay duge vién bi mau tring tir hop 11"
B: “Léy dugc vién bi mau tring tir hop I bo sang hop 117,
B: “Lay dugc vién bi mau den tir hop I b sang hop 11",
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Twong tw nhu i du 3, theo gia thiét ta co:
= 5 1 7 = 6
PB)=P(B)=—=—; PAIB)= —; PAIB)= —.
()()102()11()11
Theo cong thire xac suat toan phan, ta co:
1 7.1 6 13

P(4)=P(B).P(41B)+P(B).P(41B) = TRTRC BT

Vay xac suit dé vién bi dugc ldy ra tir hop I 1a vién bi mau tring la %

b) Goi N la bién cb “Vién bi duogc lay ra tir hop 11 1a vién bi thuée hop 17, Khi do ta
can tinh PV 1 4).
Taco: P(NV) = 1—11; P4) = % Dé tinh P(4 | N), hay xéac sudt dé liy duoc vién
bi mau tring tir hop I1, biét ring vién bi do thude hop I, ta xét cac truong hop sau:

* Vién bi duge liy tir hop 1 b6 sang hop IT c6 mau den. Khi do xic sudt ldy dwgce
vién bi tring thudc hop I bang 0.

* Vién bi duoc ldy tir hop I bo sang hop I ¢6 mau tring, Khi do xac suat ldy duoc
vién bi mau tréng thuoc hop 1 bang P(B) = % .

Do do, P(AIN)=0 +% = % Theo cong thuc Bayes, ta co:

11

_PUAIN) PN) 2771 1

PN |1 4) = o Yy I 4
22

Vay xéc suat vién bi dugc lay ra tir hop I 1a vién bi thudce hop I, biét ring vién bi

d6 mau tring, la 1,
13

Vidu5 7 Mot loai linh kién do hai nha may I, II cung san xuat. Ti 1 phé phﬁm cua
céc nha may I, IT lan luot 1a: 0,04; 0,03. Trong mét 16 linh kién dé 1an 16n 80 san pham
ctia nha may I va 120 san phim ctia nha may II. M6t khach hang ldy ngiu nhién mot
linh kién tir 16 hang do.

a) Tinh xac sudt dé linh kién duoc lay ra khong phai la phé pham.
b) Gia st linh kién dugc lay ra 1a linh kién phé pham. Hoi xéc sudt linh kién d6 do nha
may nao san xuit la cao hon?
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Gidi

a) Xét cac bién cb:
A: “Linh kién duoc lay ra khong phai la phé pham™;
M: “Linh kién dwoc la"iy ra do nha may I san XUAt”;
M : “Linh kién dugc liy ra do nha may II san xuat™.

Theo gia thiét, ta co:
80 — 120 i =
PM)=—=0,4 P(M)=—=0,6; P(41M)=0,04; P(4A1M)=0,03;
200 200

P IM)=1-0,04=096,P(AIM)=1-0,03=0097.
Theo cong thirc xéc sudt toan phan, ta co:
P(A)=PWM).PAIM)+ P(j\7) . P4 IA7) =0,4.0,96 +0,6.0,97 = 0,966.
Vay xéc sut dé linh kién dugc lay ra khong phai la phé pham la 0,966.
b) Xéc suit linh kién phé pham duoc liy ra do nha may I san xuit la:
P )= PQM). PAIM) _0.4.0.04_ 8
P(4) 1-0.966 17
Xic suit linh kién phé pham duoc lay ra do nha may II san xuat la:
P(M).P(AIM) _0.6.0,03 9
P(4) 1-0,966 17
Vay xéc suat linh kién phé pham duoc lay ra do nha may II san xuit la cao hon.

P(M | 4) =

Vidu 6 7N€1m 2001, Cong d6ng chau Au c6 lam mét dot kiém tra rit rong rai cac
con bo dé phat hién nhitng con bi bénh bo dién. Khong c6 xét nghiém nao cho két qua
chinh xac 100%. Mot loai xét nghiém, ma ¢ day ta goi la xét nghiém A, cho Kkét qua
nhur sau: Khi con bo bi bénh bo dién thi xac suat dé c6 phan tmg duong tinh trong xét
nghiém A 1a 70%, con khi con bo khéng bi bénh thi xéc suat dé co phan tmg duong tinh
trong xét nghiém A la 10%. Biét rang ti 1¢ bo bi méic bénh bo dién & Ha Lan 1a 13 con
trén 1 000 000 con (Nguén: F. M. Dekking et al., A modern introduction to probability and statistics
— Understanding why and how, Springer; 2005). Hoi khi mét con bo & Ha Lan ¢6 phan ung
dwong tinh v6i xét nghiém A thi xac suét dé no bi mic bénh bo dién la bao nhiéu?
Gidi
Xét cdc bién
M: “Con bo & Ha Lan bi bénh bo dién”;

D: “Con bo & Ha Lan ¢6 phan ung duong tinh véi xét nghiém A”.
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Theo gia thiét, ta c6: P(M) = 0,000013; P(D M) =0,7, P(D 1M )=0,1.
Theo cong thirc xac sudt toan phan, ta co:
P(D)=P(M). P(DIM)+P(M).P(DIM)=0,000013.0,7+(1-0,000013) . 0,1
=0,1000078.
Theo cong thirc Bayes, ta co:
1 | 2= P(M)l;(fgl)) - 0’8?10(;)01030-7%7 1 00?)1078‘
Vay xdc suit dé mot con bo Ha Lan bi bénh bo dién néu né phan tmg dwong tinh véi
xét nghiém A la

1000 078

C.BAITAP

10. Néu hai bién cb 4, B thoa man P(B) = 0.4; P(4 | B) = 0,5, P(4 1B) = 0,3 thi
P(4) bang:
A.038. B.0,8. Clo D.0,18.

11. Néu hai bién ¢b 4. B thod man P(4) = 0.3: P(B) = 0.6; P(4 | B) = 0.4 thi P(B | 4)
bang:
A.05. B. 0.6. C.0.38. D.0.2.

12. Trong méi y a), b), ¢), d), chon phwong an: ding (B) hodc sai (S).

Mot kho hang co céc thung hang véi bé ngoai gidng hét nhau, trong do co 24
thung hang loai I va 26 thing hang loai II. Trong s6 cac thung hang do, c6 95%
thung hang loai I va 80% thung hang loai II da duoc kiém dinh. Chon ngﬁu nhién
mot thung hang.

Xét cac bién co:

A: “Chon dugc thung hang loai I'”;

B: “Chon dugc thung hang da dugc kiém dinh”.
a) P(4) = 0,48, P(A)=0,52.

b) P(B14)=0.8.

¢) P(B14)=0,95.

d)P(B) = 0,872.

-~ -
w| wm|w|l®w
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13. Trudce khi dua ra thi truong mét san pham, cong ty phong van 800 khach hang
va dugce két qua la 550 nguoi noi s& mua, con 250 nguai noi sé khong mua. Theo
kinh nghiém ctia nha san xuét thi trong nhiing ngudi noi s6 mua s& co 60% sb
ngudi chic chin mua, con trong nhiimg nguoi néi s& khong mua lai co 1% nguoi
chdc chin mua. Chon ng?lu nhién mét khach hang. Xac suét chon duoc khach
hang chiic chin mua la bao nhiéu?

14. Huy thuc hién lién tiép hai thi nghiém. Thi nghiém thw nhét c6 x4c sudt thanh
cong la 0,6. Néu thi nghiém thw nhat thanh cong thi xac suat thanh cong cua thi
nghiém thir hai 1a 0,8. Néu thi nghiém thtr nhit khong thanh cong thi xac sudt
thanh cong cua thi nghiém thir hai 12 0,3. Tinh xac sudt cua céc bién cd:

A: “Ca hai thi nghiém déu thanh cong™;
B: “Thi nghiém tht nhit khong thanh cong, con thi nghiém thir hai thanh cong™;
C: “Thi nghiém thr hai thanh cong”.

15. M6t xi nghiép mdi ngay san xuét ra 1 600 san pham, trong d6 ¢6 35 san pham 15i.
Lan luot liy ra ngau nhién 2 san pham khong hoan lai dé kiém tra. Tinh xac suat
cuia céc bién cd:

A: “San pham ldy ra lan thtr hai khong bi 13i, biét san pham ldy ra lan thir nhat
khong bi 161

B: “San phim l4y ra lan tht hai bi 131, biét san pham Iy ra lan thir nhit khong bi
161

C: “San pham Iy ra lan thir hai khong bi 181, biét san pham ldy ra lan thir nhat bi
161

D: “San pham lay ra lan thir hai bi 13i, biét san pham ldy ra lan thtr nhat bi 151
E: “San pham lay ra lan thi hai bi 15i”.

16. Mot doi tuyén thi bin sung co 10 xa tha, bao gém 4 xathuhang I va 6 xa thi hang I1.
Xac suit bin trang muc tiéu ciia xa thu hang I va hang II lan luot 1a 0,75 va 0,6.
Chon ngiu nhién mét xa thu va xa thi do chi bén 1 vién dan. St dung so dd hinh
cay, tinh xac suit dé vién dan do tring muc tiéu.

BAI TAP CUOI CHUONG VI

17. Cho hai bién ¢4 xung khic 4. B véi P(4) = 0,15, P(B) = 0.45. Khi d6, P(4 | B) bing:
A.0.6. B.03. C. 0.0675. D. 0.
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18. Cho hai bién ¢6 4, Bv6i 0 <P(B) <1va P(A~ B)=0,2; P(4~ B)=0,3. Khi
do, P(4) bang:
A. 0,06. B.0.5. C.0.1. D. 0,67.

19. Cho hai bién cb 4, B sao cho P(4) = 0,5; P(B) = 0,2; P(4 | B) = 0,25. Khi do,
P(B14) bang:
A.0,1. B. 0,4. C.09. D. 0,625.

20. Trong méi y a), b), c), d, chon phwong dn: ding () hodc sai (S).
Cho cac bién ¢b 4, B thoa man 0 < P(4) < 1,0 <P(B) < 1.

a) P(B) = P(4) . P(B | A)+P(4) . P(B | A). P s
_P(AnB)

b) P(41B) = S DS

C)P(AlB)=P(B)‘P(BIA)' D | s
P(4)

d) P(4) =P | B). DS

2

[

. Trong mét ngay hoi giao luu hoc sinh, chi c6 350 hoc sinh trwong Hoa Binh va
450 hoc sinh truong Minh Phiic dimg 6 héi truong. Trong cac hoc sinh giao luu, ti
1& hoc sinh truong Hoa Binh bi can thi 1a 0,2, con ti 1€ hoc sinh truong Minh Phuc
bi can thi 14 0,3. Céc hoc sinh cia hai truong ding 14n v6i nhau. Chon ngau nhién
mét hoc sinh. Xéac suat chon duoc hoc sinh bi can thi la bao nhiéu?

22. Trén ban c6 hai hop bi voi hinh dang va kich thude nhu nhau. Hop thwe nhét ¢6 6
vién bi do, 7 vién bi vang; con hop thtr hai c6 10 vién bi do, 11 vién bi vang. Cac
vién bi ¢6 hinh dang va kich thuéc nhw nhau. Chon ngiu nhién mét hop bi va tir
hop do lay ngdu nhién mét vién bi. Tinh xdc sudt dé vién bi dugc lay co mau do.

23. Gia sir trong mot nhom 80 ngudi ¢6 69 ngudi khong nhiém bénh va 11 nguoi
nhidm bénh. Dé phat hién ra nguoi nhiém bénh, nguoi ta tién hanh xét nghiém
tAt ca moi nguoi ciia nhom do. Biét ring ddi voi nguoi nhidm bénh, xdc suat xét
nghiém co két qua dwong tinh 1a 0,9; con doi v6i nguoi khong nhiém bénh, xac
suat xét nghiém co két qua duong tinh 1a 0,05.

a) V& so db hinh cdy biéu thi tinh huéng trén.
b) Gia sir X 1a mot nguoi trong nhom bi xét nghiém c6 két qua duong tinh. Tinh
xac sut dé X 1a nguoi nhidm bénh.
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> L3I GIAI - HUSNG DAN - PAP SO
§1 XAC SUAT CO PIEU KIEN
1. C. 2.D.

3. Khoéng gian mau c6 sb phé.n tir 1a 40. Bién ¢ hoc sinh dugc chon 14 hoc sinh nit &
phong 2 1a 4 n B. Ta c6:

P(AmB)z%:i; p)- 212 21

10 40 40

3
SuyraP(AlB):%:%:g.

Al

[=]

Dap s6:2) D, b) S, c) b, d) P.

4. Xac sut dé chiéc mil thoi trang qua duogc lan kiém tra thi hai, biét ring da qua

duoc lan kiém tra tht nhat, 1a xac suat co fiiéu !(ién P(B | A4). Ngoai ra, xac suat dé
mot chiée mil thoi trang du tiéu chuan xuat khau 1a P(B n A).
Theo gia thiét, ta co: P(B 1 4) = 0,91; P(4) = 0,96.
SuyraP(B nA4A)=PA).PBI14)=0,96.0,91=0,8736.
Dap s6:2) D, b) D, ¢) S, d) P.

5. Xét céc bién cb:

A: “Can b duge chon ra dat loai gioi™;
B: “Céan bo duoc chon ra la nir”.

Khi do, xéc suit dé can bd duge chon ra dat loai gioi, biét ring can bd do la nt, 1a
xac sudt co diéu kién P(4 | B).

Ta co: n(B) =76: (A nB)=29. Suyra P(A|B) = M = Q ~ 0,38.
- nE) 76
Viy xac suat dé can bo duge chon ra dat loai gioi, biét rang can b do la nir, 1a

khoang 0,38.

6. Xét cac bién cd:
A: “Lan tht nhét lay dugc qua bong mau vang”;
B: “Lan thi hai ly dugc qua bong mau tring™;
C: “Lan thir nhit ldy duoc qua bong mau vang, 1an thir hai ldy duoe qua bong
mau trang”.
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Khi do, xéc suat dé 1an thu hai liy duoc qua bong mau tring, biét lan thir nhat lay
dugc qua bong mau vang la xac suat c6 diéu kién P(B 1 4) va P(C) = P(4 M B).

Taco: P(4) = % Vi sau khi ldy mot qua bong mau vang & lan thir nhét thi trong
lan thir hai chi con 4 qua bong mau vang va 3 qua bong mau trang.

Do do. P(B14) = %

5 3 15

87 56

Vay xac sudt dé lan thu nhat lay duoc qua bong mau vang, lan thu hai lay duogc

Suy ra P(C)=P(d ~ B)=P(4). P(B14) =

= Gonom e 1D
qua bong mau trang la =

7. Xét cac bién cé:
A: “Chai dugc chon & lan thir nhat c6 ghi giai thuong™;
B: “Chai dugc chon & lan thi hai ¢6 ghi giai thuong”;
C: “Ca hai chai dugc chon déu ghi giai thuong”.
Khi do, xac sgét dé chai dugc chon & lan thir hai co ghi giai thuong, biét chai
dugc chon & lan thir nhat co ghi giai thuong, la xac suat c6 diéu kién P(B | 4) va
P(C)=PA NB).

Ta co: P(4) = % = % Vi sau khi lay mét chai co ghi giai thuong thi trong lan
thir hai chi con 1 chai c6 ghi giai thuéng va tong s6 chai 1a 23. Do do, P(B14) = %
1 48 |

Suy ra P(C) =P(4 ~ B) = P(4) . P(B 1 A) =

1223 276
Vay xac suit dé ca hai chai déu ghi giai thuong la %
8. Xét cac bién cb:
M: “San phém dugc chon dat loai A™;
N: “San phém dugc chon cua chi nhanh I7.
Khi do, san phém duoc chon dat loai A, biét r@“mg san phém duge chon cua chi
nhéanh 1, 1a xéc suat c6 diéu kién P(V | N).
Ta co: PV | M) = 0,65; P(M) = 0,75; P(N) = 0,54.
Khi do, P(M n N) =P(N nM)=PM) . PN IM)=0,75. 0,65 = 0,4875.
P(M AN) _0,4875 _ 0.9
P(N) 0,54 o

Suyra PAM IN) =
98

Ban in thor



Viy xac suit san phﬁm duoc chon dat loai A, biét rfmg san phz‘im dugc chon cua
chi nhanh [, la khoang 0,9.
9. Xét cac bién cé:
A: “Lén thtr hai lay dugc qua bong mau do™;
B: “Lan tht nhiét 1y dugc qua bong mau xanh”.
Khi do, xac sudt dé lan thir hai liy duoc qua bong mau do, biét rang 1an thir nhat
di liy dugc qua bong mau xanh, la xac suat co didu kién P(4 | B).
So db hinh cay biéu thi cach tinh xac suit co didu kién P(4 | B), dugc vé nhu sau:

Hai lan ldy bong

B: “Lén thir nhit liy
dugc qua bong mau xanh”

12
P(B) ==
(B) E

B : “Lan thir nhit lay
dugc qua bong mau do”

7 — 11 = 1
P(41B)=— P(41B)=— P(4IB)==
(AlB) =g (A1 B Gl 4! B) =3

— = 2
PAIB)==
1 A=,

A:“Lanththai | | 4:“Linthwhai| |4 “Linththai | | 4:“Linthihai

lay dugc qua lay duoc qua lay duoc qua liy dugc qua
bong mau do” bong mau xanh™ bong mau do” bong mau xanh”

Vay xéc suat dé lan thtr hai ldy duoc qua bong mau do, biét rang lan thu nhat da

lay dugc qua bong mau xanh, 1a — .

§2 CONG THUC XAC SUAT TOAN PHAN. CONG THUC BAYES

10.A. 11.C
12. Theo gia thiét, ta cé: P(B | A) = 0,95, P(B1A)=0.8, P(4) = %:OA&

- 26
P(4d)==2=0,52.8
(4) 0 uy ra - -
P(B)=P(4).P(B| A)+P(4). P(B|A4) =0,48.0,95+0,52.0,8=0,872.
DPap s6: ) P.b) S. ¢) S, d) P.
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13. Xét céc bién cé:
A: “Khach hang dugc chon chéc chin mua™;
B: “Khach hang duoc chon noi s& mua™.

Theo gia thiét, ta co:
550 11 — 250 5 —
PB)= —=—; P(B)=—=-—; PUIB)=0,6; P(41B)=0,01.
®) 800 16 &) 800 16’( ) ( )

Theo cong thirc xac suit toan phan, ta co:
P(4)=P(B).P(41B)+P(B).P(41B)
=M o542 gpr=13,
16 16 320

Vay xac suat chon duoc khach hang chéc chin mua la %

14, Xét bién ¢4 M: “Thi nghiém thw nhét thanh cong”.
Khi do, P(4) = P(M ~ C), P(B) = P(M ~C).
Theo gia thiét, ta c6: PAM) =0.6; P(M ) = 0,4, P(C |M)=0.8; P(C M) =0,3.
Suy ra xac suét cua bién c¢b 4 la:
P(A) =P ~ C)=P@) . P(C | M)=0.6.0,8=0.48;
Xic sudt cua bién ¢b B la:
P(B)=P(M ~C) =P(M) . P(C1M) =0.4.03=0.12.
Theo cong thire xéc sudt toan phan, xéc sudt cua bién ¢b C 1a:
P(C)=PAM A C)+ P(M ~C) =0,48 +0,12=0,6.

15. Xét cac bién cb:
M: “San pham Iy ra lan thw nhat khong bi 161,
N: “San pham ldy ra lan tht hai khong bi 15i”.
Khi do, P(4) = PV | M), P(B)= P(N | M ); P(C)= P(N | M), P(D)= P(N | M),
P(E)= P(N).
* Sau khi liy mét san pham khong bi 15i thi s6 san pham con lai 1 599, s6 san
phém 13i 1a 35 nén xac suét ciia bién c6 4 la:

1599-35 1564
PAy=BeVidgy=122 32 _ 1964,
@) =PI = == = 159
X siiht c0a bin cb Bla: P(B):P(NIM):%.
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* Sau khi lay mét san pham bi 15i thi s san pham con lai 1 599, s6 san pham 15
12 34 nén xéc suit cia bién c6 C la:
P(C)= PV | IT) = 1399=34 1565,
1599 1599
xac sudt cta bién ¢b D la:
— — 34
PDO)=PWNIM)=——.
(D)= P( ) 1599
* Theo cong thirc xac suit toan phan, xac sudt cua bién ¢b £ la:
P(E)= P(N) =Py . P(N | M) + PQM) . P(N | M)
_1600-35 35 . 35 34 7

1600 1599 1600 1599 320

16. Xét cac bién cb:
A: “Chon duoc xa thi hang I”;
B: *Vién dan do tring muc tiéu”.
Khi do, P(4) = % =0,4; P(4) :% =0,6, P(B14)=0,75; P(B| A)=0,6.
So dd hinh cay biéu thi tinh huéng da cho la:

P(B14)=0,75

hN
o Wl

P(B1A)=0,6

P(4)=0.6 1

Theo cong thire xac sudt toan phan, ta co:
P(B)=P).P(B14)+ P(4) . P(BIA) =0.4.0,75+0,6.0,6 =0,66.

Viy xac suit dé vién dan do trung muc tiéu la 0,66.
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BAI TAP CUOI CHUGNG VI
17.D. 18.B. 19.A.
20. Pap s6: 2) P, b) P, ¢) S, d) S.

21. Xét cac bién cb:

A: “Hoc sinh duoc chon bi can thi™;
B: “Hoc sinh dugc chon thude truong Hoa Binh™.
Theo gia thiét, ta cé

350 450

=—=— =" =".PUAIB)=02; P(41B)=0,3.
()800 e ()800 (41B)= (41B)=

Theo cong thirc xac sudt toan phan, ta co:

P(4)=P(B).P(41B)+P(B).P(4|B)

7 41

E 02+ 03=—
T 16 16 160

Vay xac suit chon dwoc hoc sinh bi can thi la ﬁ
22. Xét cac bién c6:

A: “Lay dugc vién bi mau do™;
B: “Chon duoc hép bi thir nhat”.

Theo gia thiét, ta co:
P(B)= P(B)—— P(AIB)— — P(AIB)——0
Theo cong thire xac suat toan phan, ta co:
6 1 10 128
P(A)=P(B).P(AIB)+P(B) . P(AIB) == . —+—. — ="

E 13 2721 273
128

Vay xéc suit dé vién bi duoc liy c6 mau do la Tl
23. a) Xét cac bién cé:
A: “Nguoi duge chon nhiém bénh™;
B: “Nguoi duge chon xét nghiém co két qua duong tinh™.
Khi do, P(4) = %; P(4) = %; P(B14)=0.9; P(B|4)=0,05.

102
Ban in thor



So db hinh cay biéu thi tinh huéng da cho la:
P(B14)=09

11
PA)=— A
() 30

% Wl

P(B1A)=0,05

B

=
&
i
|
b\

b) Theo cong thirc xdc sudt toan phan, xac suat ngudi X xét nghiém c6 két qua
duong tinh la:

— - 11 69 267
P(B)=PA).PBIA)+P) . PB4 =— .09+ —.005=——.
B)=P(A) . P(B14)+ P(4) . P( Y = 24 T EG

Theo cong thirc Bayes, ta co:

LAY
pea1 By DA PBIAD o > _ 66
P(B) 267 89

1600

Vay xac sudt dé X 1a nguoi nhidm bénh, biét ring X co két qua xét nghiém
5.7 166
duong tinh, la —.
89
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CHUONG IV. NGUYEN HAM. TiCH PHAN 3
§1. Nguyén ham 3
§2. Nguyén ham ctia mét s6 ham s6 so cép 10
§3. Tich phan 15
§4. Ung dung hinh hoc ctia tich phan 23
Bai tap cudi chuong IV 28
Loi giai — Hudng din — Dap s6 31
CHUONG V. PHU’OI\{G TRINH MAT PHANG, DUONG THANG, 2
MAT CAU TRONG KHONG GIAN
§1. Phuong trinh mét phing 40
§2. Phuong trinh duong thing 49
§3. Phuong trinh mat ciu 61
Bai tap cudi chuong V 67
Loi giai — Hudng din — Dap sd 71
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NHA XUAT BAN PAI HQC SU PHAM
Dia chi: Ting 6, toa nha s6 128 duong Xuan Thuy, quin Cu Gidy, TP. Ha Noi
Dién thoai: 024.37547735
Email: nxb@hnue.edu.vn | Website: www.nxbdhsp.edu.vn

Chiu trach nhiém xuit ban:

Giam déc — Téng bién tip: NGUYEN BA CUONG

Chiu trach nhiém t6 chirc ban thao va ban quyén néi dung:
CONG TY CO PHAN DPAU TU XUAT BAN - THIET BI GIA0 DUC VIET NAM
Chu tich Hoi déng Quan tri: NGUT NGO TRAN Al
Téng Giam doc: VU BA KHANH
Bién tap:

LE HUY PAN - NGUYEN THI QUY — PAO ANH TIEN
Thiét ké sach:

NGUYEN THI PHUONG YEN
Trinh bay bia:

PHAN THI LUONG
Stea ban in:

LE TRUNG DUNG — VU MANH HUY

Trong sdach co s dung tw liéu, hinh anh ciia mét 56 tac gia. Tran trong cam on.

Bai tap TOAN 12 — TAP HAI

In........ cudn, khé 17 x 24 cm, tai .
Piaichl: o
S6 xac nhan dang ki XUAL BAN: oo

Quyét dinh XUAt BAN SO: .o
In xong va nop luu chiéu nam .....
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